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How to Distribute Payoffs among Players

e , O —f\ 273 ! nylfj‘JJ:;‘[:&ﬁ;H ,
fﬁfﬁiﬁﬁ“f;*g[%% | e o

BT 55 V*

O FIF= * A1
ﬁﬁwpliﬁ' o7 HiSY
Eﬁmjj [ 2 /23 ‘f

e AL ATHEE o 9P AEER A T D A ) 1 players KL
mlrl ﬁ (B o ZRE l@r%'?* (68 I E | n [ players —‘?J N ={L2,...,n}
Z71- player set. fﬂiﬁ% player i #[I player j F& (B > PIMHF /G Y payoff

L v({, ), B E RS v, ). 25 PTERE < U007 505 players £ (i
LRI payoff ¥ iR ﬁE}:)?'gjé‘%ﬂF\[ ['EfIY players fﬂr—& Uﬁ;] 19



Game of Divide-a-Pie

RIS MER- W T POIERE R o TP BRMIEE > T = 5 players YE(H
— g o E%ﬁ (- player = lﬁﬁ{ﬁiﬁ » I v(1) = v(2)

=v(3)=0. 75"~ I@% (et = b= B players adi B4 B - PN

W12 = v(23) = v(1.3) = (1,2 3)—1 =~ B B 8 (xo,o)

Bt 2 E10<x, <1 %7 iFJ:@}T‘JF’ic player i /%55 2[R E o

o MTE— N Hpf Elﬁuﬁhpﬁ%

Step 1. Player 1 3 : %lyjﬁﬁ g BHEE (x,x,,x,)=(1/3, 1/3, 1/3).

Step 2. Player 2 5t : ﬁﬁé?—pﬁ‘ T IV (x,x,,x,) =(0, 0.5, 0.5).

Step 3. Player 1 5t : player 3 > A[IZVAHE] - Py HEE (x,x,,x;) = (0.4, 0, 0.6).

Step 4. Player 2 &t © player 3 > A[IZV A - Py HEE (v, x,,x,) = (0, 0.3, 0.7).

Step 5. Player 1 5 * player 2 » =5 {151 ? Z5 & (x,,x,,%;) = (0.5, 0.5, 0).

Step 6. Player 3 ¢ : player 1 » AIEyAhAE] » 25 HEE (%), x,,x;) = (0.6, 0, 0.4).

Step 7. Player 2 3¢ : player 3 » FIZV 56 - i%ﬁm% (xl,xz,x3) =(0, 0.5, 0.5).

........ ﬂ*ﬁf < [FI%]] Step 2 - FFFJF;L o= Z/D[ — IRLEI 7




Coalitional Game

B gt ?17}[‘& C = NOTERERE o ISMPMRE T 5 AR Jﬁ’}%ﬂ JE RS
KR IR -
[ power set] H\HQL—_ [EES F' N=A{l, 2,.,n},FITE| N E{fjﬁ[ﬁj]‘% ﬁ’ﬂ’?f%’?‘}
g F/ﬁ?"?&, power set > ™| ij’FZN G o 0T N ={1,2,3}), H[ie
= {11, 21, 31 (121,134 23,1231}, H 10 T 8 4

[EZs coalitional game] 5[] £ -} coalitional game (7 fi'?& £ characteristic-
function form game fj HTHECEIVE R B A {i EE R B~ ([WE R 0 FEpE
EIJr player set N ={1, 2, ..., n} ﬂﬁfﬁ HFHECv: 2" SR H“}H =) fld N
%fw;\ F' HEL]- l["ﬁ’E}\f ﬁﬁ@_SgN, v(S) %= S HIPEPY players F,[‘p
Ve SJETH Y payoff AfEA[1 o [é SR v(D) = 0. ﬁ:‘fk N Flv Eb5rE| players
fﬂiﬂiﬁﬁ'l@iﬂ\ [ﬁji{l%& (common knowledge) °
[ fy]] = i et VRS R 0 e P B R 2 I’F'ﬁf@l%
N={1,23} =" v()=v(2)=v(3)=0, v(1,2) =v(2,3) =v(1,3) =v(1,2,3) =1.
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Super-additive

[{L_% super-additive] ; 1F,1‘—_~ (WA B R GV, v), T35 N FEIpE = E [

HEE Jlﬁ?f P F = SSTcN fﬁﬁxjﬁi v(SUT) > v(S)+v(T), HIZ%

P SERE R G(V,y) S F J?F, 1% (super-additive).

EA 1] AL WS UT) i i PE] v(S) 4 w(T), [NE

SHIT Z 9% * Rondiflil e o WpEEr S A1 T WIpRpY kj * F"LD F"Eﬁﬂj )

lﬁﬁ—z v(SUT) AR (UE) v(S) +w(T). [Iifs N ATy B H Rl

ot players Hi=LHEE v(SUT) <v(S)+w(T) Elfi'[‘?eﬁtﬁ\ S HIT iﬁi T

R P (5 PG 5 IR GOV.v)
LEIEPET [+ [ﬂy e ERVE A F‘ SHIT ?fxﬂ]ﬁi v(SUT) > v(S)+v(T),

IF%F%? G(N, v) FEIpEIpY players 7} £ Tf JEI“?E’E (B -

[EET = " ST BB R LS IRV E > [N v(1D) = v(2) =v(3) =0,

v(1,2) =v(2,3) =v(1,3) = v(1,2,3) = 1. "1 &)~ {if player jﬁﬂ ﬂF AR

player 7ii li] 5 [NEL player % 1Al » ¥ payoff £l 647



Inessential

[<E5 inessential] £ — (2 E J?F,‘Jp[ip UsEEHE R G(N,Y) jfg'ﬁ L
v(N) =" v(D), E'Hﬂ (W2 'l?fm’%EF 8RRl T EIRIY (inessential) ;
= T TEIRORHET SR 5= (i player i f AR f
players £ 3 =X

[EZH] T PRI PRSI E W GIN,v) BIpH » S EH S N,
STE v(S) = Zl_es v(i).

[ S - B RS e N L) > Y, 0,
He w(N) > v(S)+v(N \ 5)> D V(i) + > v =" v,

U ) s m;%&[a;%
IHF_M:/ TP EIRRRE R U Frsr[ﬁ;%‘%ﬁn_,\ H o
[T P g AR R - =5 IFﬁIE%F%F’?E A e R S E
1% I S RLE ol (PR T O AS F.Jiyprrﬁﬁlﬁ LAY
2 ISP O E RS I -
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Two Important Questions

ey MIple— ™ T = T ERE R HIPE players PR REA
Step 2. Player 2 3¢ : ﬁﬁz?ﬁu TS IR (x,x,,x,)=(0, 0.5, 0.5).
Step 3. Player 1 5t : player 3 > AIIZVAHE » Y HE (x,,x,,x;) = (0.4, 0, 0.6).
Step 4. Player 2 3 © player 3 » AIZVadE o TV HEE (x,,x,,x5) = (0, 0.3, 0.7).
Step 5. Player 1 5t * player 2 » =5 [{f o H1 ? 54 (x,,x,,%;) = (0.5, 0.5, 0).
Step 6. Player 3 &t : player 1 > AIIZVAHE » Y= (x,,x,,x;) = (0.6, 0, 0.4).
Step 7. Player 2 ¢  player 3 » AIEyadif] > ZhHEE (x,x,,x;) = (0, 0.5, 0.5).
........ G ~ [fl'T[J Step 2 -
#llaplﬁﬁbﬁ? Y M A - EREETE R R D IFFF j<3E ﬁ Elifdl
(1) ZV& L= players ?}%Eﬂ ?
(2) = EI5 £ players adif] V&= > =2Z5f EH Y players /& ’E Y 3 F =S
FV?;‘EE Em%”%%j/ &y [ﬁ?{ FEH AT 2

F‘ SR 7JEE[%HE§FI J%'E'H"A Y% players i HFVEUVRE » Bl (1) AT (2) kL

* LS8
ﬁ 5% 8/47



Coalition Structure

AT [fl[ VA players Aifi ] JE)%F”FFHJECLE » T4 (75 coalition structure.
RS coahtlon structure] v adi B Ry G(N,v) FIPE 7‘HE.EJ;REE7F1§J
(coalition structure ) C £ player set N [*J partition © FI 5'%5'{*533 )
C={S,,S,,--,S } £~ I[E{%F[’ c[Jr,1<m<n|[4755ri“;%F]EJ
?%%JFJ ) iﬁ'ﬂﬁil F () EF1<i<m, S, <N, QQN=SU---US ,
) H=Hi=j, SNS, =D

_‘—ﬁr

[P BN = 112,345, €, = {12}, 3,4} } B [5ilindivgg
BB Jaliladitgy > =5 MADELTE | Y players 755 2 [ 5RE >
# Hl* le5pld & 7 players {1.2}, bl [E5alld @ 5 players {3.4.

= {1{1,2,45, 3} ) Rl (R5RllAAAg - B pIaaml - aeadillle s
FE'@FJ 55 Pt 2 i player [Ug=* = {5 > PIERES P12 S
SiHE) i+ j, S,NS, = @. oar



Coalition Allocation

[E55 coalition allocation] ¥/ 5F 5 G(N,v), %F‘I@_E’EJ»':,EEJ%?F% C, _,&J X
. player i 1 ad B R PEEEEH AY payoff o ¥ x = (x,,...,x,) ifxﬁ] o
(1) st * ZE11% (individual rationality); - J[JS 5+ E | player i, x; 2 v(i).

ﬁ%ﬁ I 1%?%2 players F i IV VR

(2) ?}%E’FJEE [4 (coalitional rationality); 7 A[[¥f7%| S, €C, Z X, = v(S),).

ﬁ_ S = s v(i) < v(S,), lF%?h? (X[5.0sX,) ﬂ”ﬁ&ﬁf ¢ FFL T RL Pareto

V(S =Y v(0)

optimal - [NER™: S, HIPE » &1 iaY EYHY payoff wid i 574 S
k

E'Hi9 78 x = (x,,...,x,) &b rqﬁ"E’E 73 it

[FE7]] =~ 5 'éﬁ-gr S A player I A player 3 A& - =

HE x = (x,x,,x,)=(04, 0, 0.6) = 7+ player 1 puFEFEEpH C = {{1,3},{2}}
iﬁﬂjﬁl[’ﬁ' MR (v, =042v(1)=0,x,=02v(2)=0, x; =0.62v(3)=0)

D SR (P X+ 2, =v(1,3) =1, x, =v(2) = 0) > PIF=x BRI -



Grand Coalition and Imputation

Donald Gillies (1928-1975)
E - S ﬂ\[gjzllilﬂjﬁ—k%
AT R PR
PR ALV AR £,

AN

SEPEOTE R R BT (R RIIRE T 2RI players 54 i 7

@ Donald Gillies ( Flﬂ]l’ﬂ I?;i 20 & E[wﬁ‘i&IFﬁI@?ﬂfE ey R E'?J%—JD N

' ‘E‘[ E'[ igS,v(S)+v(i) <v(SU{}) <v(N), BT ’EE' ﬁ’:&’tj players [El5 Y
j *U’q'ﬂﬁf 73 [l (imputation) x = (x,,...,x,) £& q’ﬁ' EE 73 [ielpi J/ﬁ 57> g el

{(1) [t ~ 2% (individual rationality); * A[[35/77¢| player i, x; > v(i).

(2) *‘\q’ff'”EEJIE' 4 (total rationality); * [ Z x, = v(N).

ﬁfﬂ] T+ M OTEFE ‘FIJBU%EQ IH;EHI > player 1 T (xpxzaxs) =(0.4, 0, 0.6);
FEER = jjflﬁ,q;f'EE 21 CRNAE N AL ﬁkq’j;EE 53 Fiel o PRI ﬁfﬂfﬁ Ejﬁ
T kL 2B, (X, 20) ﬂ‘*q’fﬁﬁl%[i (X, +x,+x,=v(N)=v(,2,3)=1



Dominated Imputation

ey M [ [prg— ™ = ST Bk whsEIpE players [Tt py e

Step 3. Player 1 5t : player 3 > A[IZVahE - Py HEE x = (x,x,,x;) = (0.4, 0, 0.6).

Step 4. Player 2 3! : player 3 » FIEViEE > ZYHE v = (0, 0,,1,) =(0, 0.3, 0.7).

@ & step 4 > player 2 JUFHFESA] player 3 fLE | [ opy > [NERAEF {2, 3} 15[

3 T, (72,05 = (03, 0.7)> (x,%,) = (0, 0.6). PIF=3 P Pifoss
[ - MISFES ﬁE{f‘J*‘\q’fﬁE 73 [l dominated imputation] SF5H B G(N,v)

TR = (5,) 1 lﬁﬁ'tﬁ—brjﬁﬂﬁ’\?"ﬁ SR kA E P (i

N Pl & gy S A= eaiio e y = (e 0,)

{(1) e ieS, T3E y, > x, lﬁELPﬁFﬂLS oy p1 et o y Pox BRI/ g [y
(2) Dy <v(S). lﬂpe# y kL [REHCR S pUERE T -

(7711 1R v(1) = v(2) = v(3) = 0, v(1,2) =v(2,3) = v(1,3) = L(1,2,3) = 1.2, Hfe

x=1(0.3, 0.3, 0.6) )l fﬁﬁl’iﬁﬁiﬁ?}}ﬁ'lfﬁ‘\‘ﬂ’fﬂE 73l [NER S = {1,2} pusy ET Y

TAZ player 3 AUTFIE - ERE "'E*‘\T‘"g’ﬂ ALy =(0.5, 0.5, 0) 55 [ F |2,
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Core

S AP players R 553 A (ERAEHIOAS 2 | E
fIH > Gillies g by 2 = [RAERA LR Fitd o) el Pl [P et -
PREL & AR o Y *"gr[ player 1 H43§ x = (0.4, 0, 0.6) Eﬁ player 2
HF y = (0, 0.3, 0.7) [RIp-3w5 TRl (PG players {2,3) f=30iieis
q’ﬁc JEEE[FT pj payoff) o Bl ] J}_}ﬁ*ﬁ[ j—l\q’%”EE 53 FI/E_%%{F[ jI]FL:L ?
@ Gillies (F FIED) AT 1959 F 4T core o [l RS B EY bRV o
[EF © core] AHETE R G(N,v) PV core (F][N¥E core(G) F- ) K~ £E
L R s R L *«?m
73 Jidl x € core(G), ﬂfﬁﬁﬁﬁ\ ST N UEE Ljﬂ Iy & F\' S [E[l H S FIJE&E
A S5 Y T R =2y, LR S
e 7EJ HE Z X, Elﬁ [~ payoff e E\HJHF[% 7E JJ[T
x=(x,...,x,) € core(G), ﬂﬂ’ﬁféﬁﬁ?\N FI\J[:ELT—F 15 f[ S€2N\N 5 1M
T 0> V(). FE AT B E S =N [T ;P x4

73 el Bl i S FJ'II S=N E?T,x AT el Zizlxl. =v(N).




Glove Game

player 3

A _f4
T —

— 2N

N

T

L

SiTRE T RER L o I B RIHIE 3 5 players > E
player 1 |- %f,i";‘é » [ player 2 7! player 3 F‘ F-EExT R E

= AR 5 2 S = 22y Y el o Bl player 2 Ey player 3 <4

1 player 1 ﬂ?EEH’HquHIé’F el e l@?i flfi F\f@j‘ﬁ B 10 v o [N
AP SRR T5ME N ={1,2,3) 2 v()=v(2)=v(3)=0, v(2,3) =0,
v(1,2) =v(1,3) =10, v(1,2,3) =10. = Z &RV core o 14/47



Core of the Glove Game

N =41,2,3F 2 v(D)=v(2)=v(3)=0, v(2,3)=0, v(1,2) =v(1,3) =10,
v(1,2,3) = 10. J x=(X,%,,%,) FA = ZEE G(N,v) | J*‘\‘*?’EE 73 el o
O [ (0, 0) ERNIRIETIR o B LR -

{xIZO, x,20,x,20 ......... (1)

X +X, X, =1 e, (2)
(%3, € core(G), L™ T
(X, +x,2v(1,2)=1............. (3)
X, +x, 2v(2,3)=0 ............ (4)
X+ 2 v(L3)=1 .. (5)

FLOFS X, +x, + x5 =1, ’3’?]‘}"14",’?%['# () flif~ x, +x, 21 Eﬁ » Fe A x, <0,

< 0. 151 3, =0 [ [ISSHEE () B x v, 2

AT x, 0. % x, 2 0. 5T 25 1 2, =0, [N X =1-(x, +x;) = 1.

= = 2 E WY core £ (1,0, 0). e [ F[[25 1 player 1 — ~ R 1o



Why Does Playerl Take All

B P 2 B (O T

Step 1. Player 2 5 : player 1 > A[IZVaHE] - Py HEE (¢, x,,x;) = (0.5, 0.5, 0).
Step 2. Player 3 &t : player 1 > A[IZV5HE - Y= (x,x,,x;) = (0.6, 0, 0.4).
Step 3. Player 2 i : player 1 » AIZSakH > ZHHER (x,x,,x;,) = (0.7, 0.3, 0).
Step 4. Player 3 5t : player 1 » AIZ%ad[ » Ty HE (x,x,,x,) =(0.8, 0, 0.2).
Step 5. Player 2 5t : player 1 > AIZSadf » Zh & (¢, x,,x,) = (0.9, 0.1, 0).
Step 6. Player 3 5t : player 1 » AIZ%adf » Ty HE (x,x,,x;) =(0.99, 0, 0.01).
Step 7. Player 2 &  player 1 > AIIZV5HE - ZYHEGE (), x,,x;) =(0.999, 0.001, 0).

o

o

A )

[ > Flfl player 2 fUHEER (1-¢,, &,, 0) HIPH &, T 5% 0 » player 3 ELJEDF
ek (=&, 0, &), H il ey <e,; [AIZE Flfel player 3 U@ (1-¢, 0, &)
| & 0 > player 2 = &, &, 0), B FI g, <ég,. Player 2 #!
HIBH 2, 1450 » player 2 B (1-2,. 2. 0). H1[l1 &, < . Player 2 7
player 3 A HEZR Y3 H%EDF A A e, Y &y HpT- [wEL 0 BRLF
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Core of a Coalitional Game May Be a Set

HESRT: = 2 RAHIPE > core &) E[Jf - lﬁ*q’ﬁcﬁE 73 (1, 0, 0), [EIEES
—- [EAFEE R GV, V) H core EJ F[ H: T2 F TN e AR E‘*l
[N =41, 2, 3}, v(D)=v(2)=v(3) =0, v(1,2)=1/4, v(1,3) =1/2,
v(2,3) =3/4, v(1,2,3) =1. [P~ A E Y core £
core(G)z{ (x,, Xy, 1=x,—x,) | 0<x <1/4,0<x,<1/2 }

IS 1 T
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Core of the Divide-a-Pie Game

SRR FOTEEE N GV, V) p U core » {5 v(1) = v(2) = v(3) = 0,
v(2,3)=v(1,2) =v(1,3) = v(1,2,3) =1. J X = (xl,xz,x3) HA *‘\q’fﬁ’g 73 ffiel o

X 3 E[[)b‘/‘ (x,,%,,X;) trr—‘\qiaf'ﬁf NE[ » Bl Fl(ﬁ'ﬁﬁq X
x,20,x,20,x,20......... (1)

{x1+x2+x3=1 .................. (2)

) (3,%,,%,) € core(G), IR T

(X, +x, 2v(1,2)=1............ (3)
X, +x,2v(2,3) =1 ............. (4)
Xt 2v(1,3)=1 (5)

FLOFS X, 4+, + x5 =1, 5?,1‘}"14&1"7%[? () folifs x, +x, 21 E%’j“ » FeA x, L0,

oy 2 08T oy = 0 AR A 0 x =0 2 x, =00 [H x4 x4y =10 97
O PR = = B R0 core SR £y | SIS PSS E]
= flst T ERAERE LS F'J*‘\?EE 73 fiel iﬁhﬁu}ﬁﬂ%fﬁyﬁhy v




Bargaining Set - Basic Idea [ﬂ*%'* AA %ﬁéi%ﬂ%i%j

EIHAT core i HS E ok B F&' » Robert Aumann ([ &2 ) ¥~ 1964 =F HLl!
bargaining set > it LG B RIpYpI— TR T B2 > 3 [[EF bargaining set
R Fﬁ' > Bargaining set FVZEL b L ™ v AU Ry A
Step 1. Player 1 2 @ RloiiE T 55 o ZhHE x = (x,x,,x,) =(1/3, 1/3, 1/3).
Step 2. Player 2 ¥f player 1 ﬁun%/%% DIV x, = 1/3 NP IR
x, =1/2; F\[ EJ[??}[%”?&% y=,1,,13)=(0, 1/2, 1/2), &1 player 3 5ii .
Step 3. Player 1 % player 2 §746&/~ B © (EIF player 3 5 > Z547 '] A
player 3 & » 2 £ 25 @R 2= (2,7,,2) = (1/3, 0, 2/3) 357+ S5 9R
) 13; 25 2 S player 3 R > 2 SRSy YRR Bl
Step 4. Player 2 =5 ZHIFVH] © Z5 |’ [ﬁj player 3 #43& w=(w,,w,,w,)=(0, 1/4, 3/4).
Step 5. Player 1 "% (3 38 w [ 2 2w T el » ) &8 1/4 o I
HTS - BRI R x, SR 13
Step 6. Player 2 217 @ 451 » Zh 350 x = (x,x,,x;) = (1/3, 1/3, 1/3) iﬁ[’[ﬁ'?ﬁm%
4 @:LF;H[E{ =25 M £ & - = 2 player Elfiﬁun%ﬁﬂﬁ?’iéfﬁ@  [RIFHTE
players {155 (1/3, 1/3, 1/3) Sg (i 35 15 - 1o




Objection

T -7V F bargaining set ] Ty [T AL TS TG ATV ER

ﬁ% ! bargaining set )2l players F&IW’?‘Y*E}%EFJ MRl ﬁﬁ%qﬁﬂﬁ mEF?Fﬁ

ELI[T > bargaining set F:\F\IHEF e] players HlFRE LS b J?EE 73l

lﬂéﬁ% TEAad EHE R G(N,v) BIPE > players [ J“EIHEEJ aﬁfﬁa:t C. - J x=(X,...,X,)

B TR o RIS ke N, x, 2 v(k) JEEHECS, eC, D> X =v(S).

[55 ¢ objection g/ 111 5 players i #{1 j B AL JT"?;"EE FE: T fﬁ

‘ﬂ’fﬂf [ players T e 2 HHEER) 3 M"ﬁ'EE 53 il x, ¥, player i fﬁﬁﬂé“ R

%ﬁlﬂ}f'ﬁf S W[ﬂj player j {7 (NEL player i %e i x, =~ o iy x, ) >

R G R FFIRELIE Y = (.- 0,) BB IR

)ieS = jgSs. lFféLP?F player i fi' 5=l Jq%’EE 1S T 3:%! player j Eifﬂj

Q) Bk 5.y, > v, SFEPEES SISt ) g

(3) ZkeS v, =v(S). lﬁpglﬁ\ player i fUHZ ' 7+ = @5y Pareto optimal -

EI (7] = T R Rl rfﬁ’\*‘\q’ﬁ"ﬁf sifiel x =(1/3, 1/3, 1/3), player 2 I’
HLT s Jq?j"ﬁf 73l y =(0, 1/2, 1/2) 5 {r"?‘/q?f {2, 3} [pi] player 1 P




Counter-Objection

[15% ¢ counter-objection 7 a/7~ HE] ¥phT T"%f'EE 75 el x, FJ[ player i $4"

T R ORI ) Rl y AR J“’anE S [] player j HERER

((NES player i B¢ x, =] P'J X, Ao player] H"TEIE“'TH’%'%]EU

qﬁg 1 T <35 player i &~ B ([XEG player j 7?@ x, N PR HERL
PORRERIY) > Sg e T IR I 2 T S

() jeTl = igT. iF%E’LP}F player j fi'5 °\5'§Eﬁ'lfﬂ?ffﬁﬂ’5 VT i:—‘f:%I player i E{fj[ﬁjjﬁ :
(2) $97E keT, z, 2 x,. B T FO EI 63T PIPTREH xk iﬁ@ﬁ%fgrﬁﬁuo
B TNS=R+J “"¥fkeR, z, 2y . R F[IE‘}FI_L oz Py RIS R,
NI player j 7' FEF IHER 2 1?:, [ R Fl15Y EVIRESS, mefi player i Elf‘ﬂf&%%'.
(4) Zke =v(T). lﬁpglﬁx player j [V % f" /= = & 5% Pareto optimal -
[0 =~ 5T @R 1 B NIRET IR x = (1/3, 173, 1/3), i player 2
FLE g o il y = (0, 1/2, 1/2) A2 Ry JT-EI;EE {2, 3} AT [ player 1 HEFip -
player 1 f[ID YR Ao el z = (1/3, 0, 2/3) A= A5 Jt"fﬁf {1, 3} J5f player 2
B (R z | LR players 2 AT 3 A E]) 0 RSP xy = 1/3 RLFIEHEPY -



Invalid Objection

[E& ¢ 2353 invalid objection] FF\[ J\L_E?}*EEE 5306 x, F, player i % x,

A ﬂi{] I éﬁ’ 7R TR RS J%;EE S P Tp Tl i afHpAY £l player

PR o IS IR DE - S > AT Cplayer i $f
player j ﬁ@ﬁun%J TES
(1) X = V(])

i ¢ playerj HPB- * AVEH v(j) = x,, NI S VP

(2) Zke x, 2 v(S).

ﬁ:“ - q’?”ﬁﬁ] "EE}F {5 > payoff 4 [ UE | v(S). {H Zkesxk > v(S), HNIF=

player i U3 mjikﬁ‘%’- S Elffi‘%['?‘}F o HiEr = (1) E9 (2) 74t Eﬁ ’

playeri 1 ’Fﬁ'?ﬁﬁ%@ R ?EEJ S, FUIRIHET '*‘A*T player j F i3 o

(E bR 7 *"ér[ (1) iy (2) A52F E;T I&[F'ﬂfﬂﬁ " player i &= [fa‘[
FeFl s By FrH J“?f"EE | S =] playerj [ B FFHGE,

22/47



(3) Player j FIJH?E"?‘}%]E'I(‘J??IEE.EJ T Fo S, HilrieS,jeS = jeT,ieT;
P R=SONT =D FH v(S)-D,  x<vT)-), X

IF*Eﬁ playerj fo! 5L H% S, f , 5@ S ¥y EIEI'?JE?,B}]"?‘} E1RREES R e
[RIF=R IR EYRS AT i A ﬁ%ﬁﬁ%”*f%\* :
& ¥ player i iU y, R Frf/EH Y payoff £

keRyk - V(S) N ZkeS\Ryk < V(S) N ZkeS\ka’ EHEE}?TJ‘ k < S’ yk > xk.
= Bt PR AR F oV 2 V(S) - ZkeS\R X, S\R ’3’?’533‘5{%‘ [~ payoff
ZkeS\R yk - V(S) B ZkeR yk iﬁ,ig_ﬁj ,Ejjj‘/\J_F:Lj IE[ Jq’x’EE 7 PIF[ Jlﬁilﬂ ZkeS\R k
&® ¥ player; [N z, R ’i’?ﬁi?’%@ [~ payoff E\’zf
ZkeR Zk - V(T) a ZkeT\RZk S V(T) N ZkeT\R xk’ I}Hﬁ;@)}j{l‘ k < T’ Zk Z xk'
= P e g s 3 )z > () - ZkeS\R X, T\ R Hrfic /G H Y payoff
Dot =V = 2 7 FIRCRUIRIEL RO 3, xR
® [l v(S)- ZkeS\R X, <w(T) - ZkeT\R X, WA player j J%F:Et
Fplayer i # R /&1 Elﬁgjﬁl@ payoff o ﬁ?{‘%i » player j fﬁl'ﬁ‘;ﬂ i S, 23/47




Bargaining Set

Robert Aumann > 1930 1% > I'] & 3[REFHRESSE
LIRS A rbargalmng set | FNFERE & o
2005 = QF” FIRRAEREPS - A2 5

I_I

4 bargamlng set] I@% e TEEEJH\E&Tﬁ s C={S,,---,S } [?5 Ipd ™ B
Tﬁ& S 53T o T q;}% ﬂ\gt;[r £ C [ﬁ?j]}ﬂ\ H bargaining set BS(C),
IFL?;‘“‘ s I[ﬁ@?ﬁm S, eC J@ggpjg [+ player i Fl » WEET player i 3]
x, (T PSS, RIPFFIE P55 FYT PR D0 S5, -
= AR T player 7 i T3 x TS -
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Relation between Core and Bargaining Set

[E2E SRR R GV, ), ﬁﬁi—_ﬂ?fﬁﬁl ?ﬁéj ={N}, ¥, x e core(G),
HI x € BS(N). “JHiERLER > 7+ players A= Wy 5 7 =35 ELJFJT’Ej\ » AR EY R
[Y core P ELZE Fﬁ ’ ﬂﬂ’fjﬁ core 4 E¥ bargaining set [l J‘ﬁ 75 F =
Eadl ‘%ﬁﬁ’\\*‘\t‘?ﬁﬁ 71 el x € core(G), T player i ¥ x, AV ﬁx]EL » 1E
17 Rty AR FHYIRR] S (R player ) ﬁ“‘ﬁ«ﬁﬁ player i Bk [E -
E[lrﬁ‘q“EE | SIEH v(S); [ x € core(G), 5 Z x, 2 v(S). lﬁ,ELPﬁF
player i S .5 FRaRUIIREE S 92 #% 11 ¢ - x o P
= [f" player i E’ﬁﬁ%’l@ﬁu—ﬂfﬁi~ I5HE 0 NI x e BS(N).

[F 7] &= 2 R HEIPE > core = (10, 0, 0) = bargaining set ; NELHEET
player 2 ¥ x, =0 T - player 2 1 “E*?LEEJ%D player 3 i [H+

S RIETI payoff o [NEE v(2,3)=0. pl- —ijlf [ > ’?I C=1{{1,2},{3}},

71* S players 1 {12 % ol & s EpYE S bargaining set BS(C) ["1Jk

£L (10, 0, 0). ZEFIisRL~ A< > player 2 F- 7o 11E B?F]El Npg =
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Revisit of the Divide-a-Pie Game

2= P OTERER GIN,v), @5 M C={N} 1fipd ™ iy
bargaining set - FI:FE1! BS(C), W4 Pl ¢ b ft Befr 1

({0 5P 5E PR pN @ AL, player i %] playerj [ jﬁ“’ﬁ@ﬁ B I5fiigs o

) AAESES, I'F'EJFL[ ) x = (%%, %) € BS(N), #Vle x,, x,, x; HIPEE
- lﬁfm ETRL 05 xR 0,2, 0, HRIBHIZ RS HAEIT ’F‘A’ffqi_l.

[FarFH] E’f@i ° IE%I%X (%5%5,5) € BS(N) =" 3, = 0. 3g & ff x, +x; =1
= min{x,,x,} <1/2. [@F%xz = min{x,,x,}. IFFE T x; 2 1/2. PR player |
f T JT‘%’*EE sl y =(1/3, 2/3, 0), = player 2 "' T‘%’EEJ 1,2}

e [ﬂj player 3 $ft  Player 3 oI % -@Fﬁ K B player 1 » =2 Eplayer 3 f<
F B J?EEE 55 el z Jg el z, 2 2/3 Sz, =x,21/2. lF;LELFEF z,+ 2z, >1,
EERL T FUfefodi « 557 player 3 35 player 1 OBR@z b H 1~ B

Bl (0,x,,x;) € BS(N) ﬁ[[ﬁf@?ﬂ%ﬁ?ﬂpi o tHEE °
€ 5T el = b oy @FE LY bargaining set BS(N). /47




¢ f@? x € BS(N). %t player 1 ¥ x, Tyt
57 FTP1 player 3 1 5 player 2 P il
¢ ,5[ X, =v(2)=0 ..() B x, +x; 2v(1,3)=1...(2),
players {13} T (A#EIE player 2 e - {1 (1) 7
(2) TR H=R o NS fFﬁf@r%“ x, #0 = x +x, <1,
& [@F@‘player 1 #fx, T ﬂﬂ]EL I BT
,3 Al o3 il y e d] player 3 pUadifll] o ¥, players 1
I3 A > player 1 H”H player 3 F*J payoff y, R
’Jjj/\ V(193)_x19 II [E[” yl < xl ([:—K”E\Tr yl + y3 _ V(l 3))
l’gﬁﬁ player 1 < “EIF player 3 5]
+| player 2 ?TET?EL['%]EI Jt'?fEE il z R |

player 3 fNAiH ] o F5IFFEER player 1 f ﬂff&ﬁ« )
Ve player 2 ﬁ:wﬂ player 3 [iJ payoff z, ;EEL L,
v(2,3) = x,; F AR 2, <ox,, FHR player 232 4F
ﬂl player 3 s#H[ -

F,J{%lﬁx]ﬁi v(1,3)—x, <v(2,3) =X, e (3)
player 1 #iE 32 4] player 2 #11E Jﬁp Uiz 2747



i

r H

O

@ (5 x < BS(N). B2 player 2 £ x, T
4T R player 3 A 5] player 1 7@ fi i <
¢ El[ X =v(1)=0..(4) F¥ x, + x; 2v(1,3) =1...(5),
players {2,3} T ’F‘?%E’ﬂ% player 1 $igx o [E (4) A
(5) T FEms o PSS PR G 2 0 2 x4 2y <1,
4 f@? player 2 35f x, Tyt > 247 FIF{! player 3
GO T B player 1§ - H I

Er, players 2 #I player 3 7 [ 5} - player 2 Hi?ﬁ
player 3 {Y payoft ~ IR [T v(2,3) — x,.

T player 1 47 BTl player 3 7ifi ] s Pl ’frﬁff )
ﬂ[ﬁ’f_f;g player 1 H»qH player 3 [I payoff z, & 25}
v(1,3) —x,. NIFR IR v(2,3) —x, <v(L,3)—x, .....(6)
player 2 i 3 55] player 1 {17 | 35RO, -
@k 3)A(O) EI%IFEH%W‘ players 1 71 2
TR v(1,3) - x, = v(2,3) = x; een(7)
L



Bargaining Set of the Divide-a-Pie Game

|
1

& C={N}. =H~ FHHl >+ xeBSO), lﬂ%ﬂ

players 2 13 % ii+Jf;f = ;Jflx i iy =

Ry HEIp J?&Wu 5 ”@ players 2 #1 3

S EFEEA player 1 adil] s 2 Az - )

v(1,2)—x, =v(1,3) = x; cereneee. (8) ~ZFIRY

® C={N} =¥~ _‘\[ﬁ' » 7 x € BS(C), lﬂ%ﬁn

players 1 A1 3 2" % +qu§f’EE JJE el x TR - 3

YA ngwﬁﬁ F 75 7y & players 1 A1 3

SR FR A player 2 A s 2GR 0 H]

v(1,2) = x, =v(2,3) = X5 cevere. (9) ~FIRY T

@ B P x BENTRIET T AR ES E

x1>0 X, 20,x,20 2 x+x,+x,=1......... (10)
B (D~(0), IR BS(N) = (173, 1/3,1/3)
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Deriving Bargaining Set When n > 4

E}’%EE JEYRHIPE players skl n > 4 Eﬁ » 1J*## bargaining set Elfiiﬁ}?@?'ﬁf?
WG D R B+ PRI 12 2 7 cases MR - S I
YT??EIEFIFI JEa ] 0 N ={1,2,3,4}, v() =v(2)=v(3) = v(4) 0, v(1,2) =50,

v(1,3) = 30,v(1,4) = 30, ¥(2,3) = v(2,4) = 90, v(3,4) = 70,v(1,2,3) = v(1,2,4)

= v(1,3,4) = ¥(2,3.4) = v(1,2,3,4) =120. ] C={{1.3,4},(2}}. &P BS(C)

[ ] [@%xeBS(C) Bl x, = 0 [NEy v(2) =0, ] =" #EET player 2 ¥f x,

FY I ﬁx] o P R PIGE o N C IR E ) S R

& 3% 0 SR x, x, x, (O player £ £ x, T E

(“5%5f player j HY player k F 1Y (= (e ﬁun%ﬁﬂ Bﬁ Rl ISR > E

i#jzk = i,j,ke{l,3,4}.

Y W= MFﬁF 14 H il player 1 2] player 3 Fi@g [~ case © H*Eﬁ player 1 fI'fj<

B35 ' A player 2 ifEEJ gy A player4r‘"7;EEJ gy A players {2,4} r"’j’*ﬁﬂ |

e [pi player 3 63« =5 [ FIAE T = (6 (e i
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= {{193,4},{2}} Ft o FY MR player 1 F5F
" A player 2 sEfH | F [HJ player 3 $Hi%[1Y [?jj]ﬁ[ o

Fxy =07 x +x, 2v(1,2)=50 ... (1), H[Ve
players {1,2} T Tﬁ%ﬂﬁ[ ° F (1) A% > players
(1,2} $7 056 player 3 7] 51 RS BB
@ 7! player 2 5ifi[i]~ B » {fitH player 1 fU47Es
¥ LF“E% player 2 pL&=H§F }E@@%ﬁj% PRI
(2) RS o v(L2) —x, S(2,3) = X5 e (2)
4 %D players {2,4} Adi[H|{~ 8% > [fitH player 1 iV
P % o I player 2 RLE=H, 4 i JF‘%i ]
IF“(B) IRy o v(1,2) - x, <v(2,3,4) - x, —x4 ...(3)
@ =70 player 3 ZFEFLNFA player 4 5 [
h B player 1, (HNEL {1,201 {3,4y =, “#- ] {3,4}
LI T (1,2} O
& “Etljrm . b1 5 player 1 #5EH1A[1 player 2 A []
player 3 fUHLZES ¥, (1),(2),(3) El 1 [~y



={{1,3,4},{2}}. 7t > TS5 player 1 {55
FI player 4 5L} | e[ player 3 FEFE[VIHIN -

T =0/ x +x, 2v(1,4)=30 ........ (4), Hhe
players {1,4} T ﬁﬁ“@?ﬂﬂ o £ (4) Tyl players
{1, 4} 37 il - player 3 B M ¥j|[ = A~ R FE
Q A1 player 4 7 [F{~ 8% » {1 player 1 fYHiE
=4 S IHﬁ player4iéﬁ5ﬁjﬁﬁguﬁg » PRI
(3) ZERY T o v(1,4) —x, Sv(3,4) = Xy e, (5)
@ 7! players {2,4} 7ii[i{~H% > {JI#H player 1 ¥
et - B player 4 AL IO - 10
IP=(4) FRy o v(l, 4)—x1 <v(2,3,4)—x, — x; ....(6)
@ =il player 3 S EFE AT player 2 A
h B player 1, NEG 2,30 {1,4y =, #-]] {2,3}
A R L (1,4} pUTYEY o
L ’étﬁm + KL 17 player 1 75 A player 4 7 ][]
player 3 FuHiEE 3%, (4),(5),(6) ELp[ 1 {lat = ZFsY oF



ik

C={{1,3,4},{2}}. 7% » FH {185 player 1 87
" A players 2, 4 5[ | [F,J player 3 ﬁuﬁ%ﬁfj‘[ﬁﬁd o
T =05 x +x, +x, 2v(1,2,4) =120 .....(7),
players {1,2,4} T T;%’@?EFJ o £ (7) THYF > players
{1,2,4} 7 ETad ] > player 3 &) h || = FE /v BR A =0
@ 7! player 2 7ii i~ B > {fifd player 1 [V
295 I player 2 IS B HBOEE - U1 8)
By o v(1,2,4) = x, —x, SV(2,3) =Xy e, (8)
@ ! player 4 5 [7{~ B > {fifd player 1 HUfita
=45 Tt LFL“*E% player 4 pLE=1,30 %ﬁ[fjﬁl}%% » PRI (9)
Y o v(1,2,4) —x, —x, Sv(3,4) = X5 e (9)
@ [ players {2,4} ifE~ B > fitH player 1 fUfis
=95 I players (2,4) LS ORISR » g
(10) ZEIy =t o v(1,2,4) —x, <v(2,3,4) = X3 ovveneee. (10)
¢ %Pjrr:/ﬁ D By player 1 #FHA players 2, 4 A8
[ﬁj player 3 Ui 3%, (7)~(10) LTl [ =2y o



Solution

4 f@? C={{L1,3,4},{2}}. S5 {M=1225 2] > ¥ Tl x € BS(C),
=5 P FER player 1035 55 player 3 el Ve FSHUHREE o NI

P EE(1),2),3) H = ey BT EE (4),(5),06)

1= =gyt 20 D EEE(7),(8),(9),(10) B 1= syt
....... ﬂ*ﬁﬂ fﬁﬁgl@%g} C; xC} xC} =36 7E i iEEs

& =9t SRR | player 3 ZUFB) player 1 E I5Y
Pk, = T players 1 A1 4 3k SESFIL IFRRT TR (SRR,

' players 3 A1 4 R SO PR S POUEIGE, |

® o IRt x ?.T’E;??%Eﬂﬁ ficl WLFL“"“\ZE?[}T{] Bl x, +x, + x, =v(1,3,4)

=120. ;ﬁi;i@z’ﬁﬁfj”rd;%f%%ﬁd/ % o ISR R BS(C) = (30, 0, 45, 45).
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Elements in a Bargaining Set May Be Infinite

HESIR v Fi e p Jﬁh T‘EEEI ' bargaining set i} & - Iﬁ‘%ﬁf 53
(2 ﬁ”\/\ EARE C, i E hdpy bargalnmg set BS(C) fi'f<
E[JI:[—~-J[€L%E{T?L? 7JE[

[FEE TN ={1, 2, 3}, v(l) = v(2) v(3)=0, v(1,2) =12, v(2,3) =5,
v(1,3) =4, v(1,2,3) =12. “VF' C={{L,2},{3}}, IF= hfE
bargaining set £ BS(C) —{ (X[, %,,%;) | 4<x, <7, x,=12—x,x,=0 }
FISAIFIE e e ey -
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Shapley Allocation : Another Solution Concept

Llyod Shapley ° 1923-2016 > S_B [
A EHSE A REENE S 2012 FOE
H 2 A yhePad. » 711 John Nash £
[Fil F'F P49} GRS T2 [l 5L Albert W.
Tucker) ° J‘JE}E FF] potential game 7!
Shapley value 4] £,

& LR[S core I bargaining set fiRL Y &l " players AY5H J =5

=y I'Fﬁf@?%ﬁtﬂE HE B G(N,v) E'%"’Jp'[\ﬂ: [X1F=core fol :f* players "

_l\tEfHEEJ B g F [ﬂ* AR HJ?EE 7] fl ’ WIFHFIJ’H cER B S F[

L Al bargammg set T fel7f players /EE\r'F&J\q?[nEEJ B

players HEHi‘E %FIQ_JH?%EE |55l o [EI core #[! bargaining set [IN7- Z [

FIHHe R aE 2 iﬂﬁv‘fﬁ CLESEHAR T R puasify

@ Llyod Shapley %+ 1953 & ik P g wbpyupl— FER* (7 ik > FE)
ey F[_ 73 fiel (Shapley allocation) | — 7[FJ;’+M T e 36/47



Four Properties of Shapley Allocation (1/2)

4 E[W\i&IFE‘H@?m‘EtEE 18 G(N,v) E'%_’JD'[‘% > [N Shapley ~ FQLJ« B
players ] r;g\ﬁ—?ff"?‘ﬂ\%ﬂﬁl F;JF[j Syl Ey AN Al [ANBE
=] {[id player i %{%;EEJIH@H | Fr EIfJ_EI”?’%*k e R payoff o
& LEUERETRED F 40) = (4 (0).4(0),...4,(v) FEA TR R GV, v)
IR JF’[ g3l ELET @ (v) B player i v A B b I TRTE R BY payoff
8 player i FUE) jF"[ "I i (Shapley value) » #[JHE g(v) = Figy el 3]l
IRN(ENEA.

(1) Imputation : 37| ie N, g(»)2v(i) & D" ¢(v)=v(N).

=k 1 S=9R Shapley ngtgr,rﬂétmp = E'?J%JJ["[‘%F"@'[‘?WP\ ’

players i%%i’%‘ﬂ‘%”ﬁﬂ FISR T E)Fﬁ 73 it ré’?, F rﬁ‘\q“EEJ e

i kL 2R (player HEHL 5 o [EIVE 'JTE)E‘%J\T"?]&EEJ% % -
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Four Properties of Shapley Allocation (2/2)

(2) Null Player Property : 3= #iFaf] S e N\ {i}, ¥, v(SU {l}) v(.S),
HTES |FEJ?" player i 1 null player (72 & F1gif1Y player) ¢ Fs,l © 57 el
fiifs © 3 player i £% null player > [[] ¢,(v) =0.

3) Symmetl’y A EFRE S e NG 3, 7 v(SUED) =v(SULD),
ENIZY (A players i H1j kR symmetrlc players (5] E Jﬁ‘[ﬂ EURAHY
players) - FS,I iRl o F players i A1 £L symmetric

players > [1]] ¢(V) ¢ (v).

(4) Additivity : 1H T i E J?ﬂ?'[ﬁj player set [V B R G(N, u)
HIG(N,w), £ IS FEAEETE R G(N,v) = G(N,u) + G(N,w), 3 IF‘
AE IS N, 25 F1E] v(S) = M(S)+W(S) 1 9@) FT g(w)

73 HIEY GINu) FIVG(N,w) U FT T 3 il > (= (TR GN,v)
SR 5 I §0) = 9+ ). T T FIHA HH

BT (4) fiomrty] -
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An Example about Additivity Property

[ F#}%lé@'? (4) uEa Y] R ETE A G(N,u), 25 MR N =11,2,3)
S uM)=u2)=uB)=0, u(1,2)=2, u(1,3)=4, u(2,3)=06, u(1,2,3)=17.
SRR E S GOV, w), 55 PIIBRE N = (12,3} 2 w(l) = w(3) =1,
w(2)=0, w(1,2) =4, w(1,3) =3, w(2,3) =5, w(1,2,3) =8. Y[ 7
5 GV, ) BIgE > v()=w3) =1, w(2) =0, v(1,2)=6, v(1,3)=7,
v(2,3)=11, v(1,2,3) =15, lﬁirl G(N v)=G(N,u)+ G(N,w).

lﬁir%? G(N,u) 5! G(N,w) [l JFS,I <73 el 55 Fiel 55 IR é(u) = (8/6,

14/6, 20/6) I p(w) = (14/6, 17/6 17/6) ﬂB’E}E Additivity [EETRITT
G(N,v) HYE ?{ ST LSRR @(v) = @(u) + d(w) = (2276, 31/6, 37/6).

[

Fh

['—.

il IR G ) B - S
wﬁ TR i RO - I
AT (4) o8]

F[IE' ’ IIETiDiE.
LTI > 7S
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Shapley Allocation Is Unique : Proof (1/3)

(R 1] gﬁf‘\tr%jmiﬂ G E R GV, ), [ Eﬁﬁjﬂliﬁ (D~(4) p
73 flel ST T ST~ o

[FfPI] AR TR > 25T~ WA R G(N,v) o7 sy (L2

A B R g 1EE At B b f el 2 & null players (32 | F1HY players)
A1 symmetric players (5 & J?HE[[H FURARY players) o ZfyTHFL f@?&?}
G(N,v) #lpe, N ={1,2,3}, v() =v(2)=v(3) =0, v(1,2) =2, v(1,3) =4,
(2,3)=6, v(1,2,3) =7. > 39 5RET T < N, 25 MpisdE - b

1 #TcSs,, .
SEEE S G(N,v,), H v, (S)= {o :;'[,},j SIS T G(N,vg,))

FEIBED > v (D =v5,(2) = v,1,,(3) = v, (1,3) =v,,(2,3) = 0,
Vi (L2)=v,,,(1,2,3)=1. Tt G(N,v53) FELpET > Vias (D) =v55(2)

= v{1,2,3}(3) = v{1’2,3}(1,3) = v{1,2,3}(2,3) = v{192a3}(1,2) =0, v{1,2,3}(1,2,3) =1.
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Shapley Allocation Is Unique : Proof (2/3)

ﬂBﬁE G(N,v)= C1G(N9V{1}) + CzG(NaV{z}) T C3G(N9V{3}) + C4G(N9V{12})
+ ¢sG(N,vy5) + ¢ G(N,vy3) +,G(N, vy, 5), £ L[t e, e Ry A5~ &
??IE?E’.EJ Sc N, 2 ([ME E[ V(S) = vy (S) + ¢y, (S) +¢3v,5, (S) + c4v{12}(S)
+ V5, (8) + Vi3 (S) + vy 55 (S) o (1). Fd {%@”“"’?ﬁ i NS N
), HER R e~ Y e [ Fﬁﬂ%S:{l}, HFTE v =¢ =
HE S =21 B v =, =0 AE S = 3], BTE] v3) =, =0
S =112}, 5 ME v(1,2)=¢ + ¢, +¢, =2; NF=e, =2,

TS ={L3}, e v(,3) = ¢ + e+ =45 NFEeg =4,
= Q[—_S 12,3}, 5 {ME] v(2,3)=c, +¢; + ¢, =6; [NF¢, =6.
£ S={1,2,3, B v(L,2,3)=), ¢ =T Ki=c, =-5.
[ ‘ﬂ] ot (1) WIEE | 7 {0 HIB (o~cp) » R P S N 2 (1)
[ e Eoe AR R N G R e N AL RS e E )
)« g, g -

1

AR ARY mo

Aty _1>

%‘A\
>




Shapley Allocation Is Unique : Proof (3/3)

7 SYiMEEEE WVF\[EE?[;EE | Sc N, Tail e w G(N,vg) FlT > S ¥pE
YRy E1 £ symmetric players » [if N\ S HIGHAYSY E15) null players - {74! -
Tt G(N, v, IR v (D =v5,(2) =v,,,(3) = v, (1,3) =v,,,(2,3) =0,
Vi (12) = v, (L2.3) = I 1 BRI S € N BIEEF] (P2 v(S) > 0) -
f=ZES HIpH & 2 & | players {1,2}, =’ IF{% v(S)=1. :LHELI:EF + G(N,v,,)
FEIpE > FUE| players {1,2} T4l null players » =" players 1 A1 2 £ symmetric
players o (NP E#T (2) A1 (3), At & b G(N,v) HIFF - S RIPFHFY
Y EYFI N\ S WIPERYRS EVTTEIHE AY payoft S5 [[EL 1/] S| A1 0. pHigT
G(N,v)=2G(N,vy,,)+4G(N,vy 3 )+ 6G(N,v,5)=5G(N,v,5), HNIFE
%18 (4) > players 1, 2, [1 3 U AF*"} oI iR HIES ¢ (v) = 26, (vy2,)

1 | | 4
+4¢1(v{13})+ 6¢1(v{23}) 5¢1(V{123}) 2X—+4x—+6x0—-5%x—

2 2 373
6 (V) =2x(1/2)+4x0+6x(1/2)=5x(1/3)=7/3, ¢,(v)=10/3.
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Marginal Contribution

[*2% marginal contribution] 7N ={12,....n}, _'&J 7 By {L,2,...,n} fY
< [ - A players 1 J\Eaa«a%m\wfco I N = {1,2,3),
=231 %= players fﬂ‘*ﬁﬁ 253> 1 purvEp *H’fﬁ‘ﬂﬂ o [BEE T £L
7 flET k [[‘f%r S” sS4 E[JF»[ z fl187 1 {[f= 237 k {[# players Frr
;[rﬁ;;iyﬂ ﬂ;f: HE o ﬂﬂ’fjﬁh‘ players l?hﬁ]é{ T F[j LT R A 7 5 E] F' JIF:[%EF“ ’
player i fY3[EE Ul (marginal contribution) £ m” (v) = v(S) —v(S7,).
[#917]) I GOV,v) I > N = {1,2,3), v(l) —v(2) = v(3) = 0,
v(1,2) =2, v(1,3)=4,v(2,3) =6, v(1,2,3) = 7. ¥, players |7"~Ef1 2>3->1
IR H *‘\3’7{5[] e player 2 V32 KJ%“‘EI”Z’%F v m; (v)=v(2)=0;
player 3 FUiZ[EE VLY mi (v) =v(2,3) = v(2) = 6; player 1 fuszEF IR

Eym'(v)=v(1,2,3)-v(2,3)=7-6=1.
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Shapley Value of a Player : Formula 1

[EE 2] 0 N =4l TS EpAE R R GV, v) FlT 0§ players
HY payoff LB 4(v) = (4 (),....4,(v)) Foifil » 1 g (v) = ;me (V)

£% player i |/ JF;,I i EEE g(v) YF{] L% (D~(4).
[ ] T EEEES ﬁl » 22 [L "A Course on Cooperative Game Theory" iFEﬂI: =

Aoy NI | player Fy3E IQFF L=y [#’J%:ﬁh;&] l@?ﬁ‘ﬁzﬁﬁir b G(N,v) ?EQFI ’
EEJFW 1 | 2 | 3 N ={L2,3},v(D) =v(2) =v(3)=0,v(1,2) = 2,
1223 | 0 2 5 v(L,L3)=4, v(2,3)=6, v(1,2,3) = 7. Bl
1>3>2 | 0 3 4 players %5‘}4\3’%[%5‘51 AV ELE | 3!=6 7%
2>1>3 | 2 0 5 EFE g & p:—ﬂggsg«fﬁﬁl[ﬁ ) £, 1/6 o BT 15
22321 1 0 6 F'JF:[ » player 1 F” B}?‘E[Fzﬁn R/6. [HJ%[ :
32122 4 3 0 players 9) ;D 3 FI J IK)’]J} J"'—‘_;»%EF @IE]7J H”j;r,
33251 | 1 6 0
14/6 F1 20/6. Sl AR 1 W pEpY S
s T 1a [ 20 [120/6. ST 1 RIEFORIT] -

players [*J payoff 7 fic ) V4 — 52



Shapley Value of a Player : Formula 2

[2E 3] I N ={l,...,n}. 7 2 EIEPRS R E R G(N,v) FlT o player i Y

S|(n—|S|-1)!
B LS ¢,v) = !sz(v)z Z' ( |' | )[v(SU{i})—v(S)]-

[ ] f@?i% £ S — B RS @ B players — flid— {lap S AERS TR -
?ﬁ\_ﬁ] TS < N\ (i}, ’y “player i J[Iff] S & - player i #“EI;EEJEJF VA ES
v(SU{})—v(S); b= T 5] players JfHE U*‘\qu’ampj S E ] pl B o
'*lﬁ n! FERE) ([P - X H' Er | S| FERL S EJ’?‘}EIF“player P PIRIp 4\“%};’*
| (n—S]-1)! ?E'fLN\(SU{l}) HEIFFIfImS EX = player i QI ATl

m

e gm= 3 LSV (U ) -ws)] 0 51 4o =876,
S€2N\ i
player 1 Jff| S i > S mﬁﬂ?} EYOTR=TE | ISIT* (n-ISI-D! | w(SULD-v(S) | A
T 0! * 3-1)! =2 0 0
(2) 11* @-1-1)! = 2 2
{3} 1! *3-1-1)!=1 4 4
2,3} 21 % (3-2-1)! = 1 2
;ﬁﬂ[ 8 45/47




633 fr 228 e % 9

5% player 1 $#17re | At i ar 3 EHREGH - w52 X2 pJ : IH R
Rl N B Hﬁf“?m €1 P\‘“*““ RHHRLE T YR RS
FRER lﬁil%playerszﬂm@’ s A ARl R R JH'W o[ﬂﬁ‘
SE VD =v(2)=v(3)=0 = v(2,3)=0.

& [Fi 12 5 players 2 71 3 B S > ] f%ig%%h*?‘p K
FEERATGR - BES N FRRAHECIZ 75 AT v(1,.2) =v(1,3) =0
= v(1,2,3) =12, H#fE g(v) = (4 4, 4).

& (71 21 (5 players 2 #1332 Fpin > PR 2 Al o= TR IS
AV FlspifRcss - 273 " RSRr IRy > il SR e SR

= MERTH SHER 127 A v(L,2) =v(1,3) =6 ' v(1,2,3)=12.

H{ e ¢(v) =3, 3, 6).

& 7 3 BRI AL SR © Jp= BRI 12 5% - (55 ISR
players 2 71 3 :EFJ[FQ > Fli— ~ A[]F JEJFJ[ 1 NIFEv(,2) =v(1,3) =
v(1,2,3) = 12. #ji= g(v) = (2, 2, 8). 46/47




p =g

77 W)=~ TR core, bargaining set, & Shapley allocation
[ 1 N=1{1,2,3}=C. % = “ 3B v()=v(2) =v(3) =0,
v(1,2)=v(1,3)=v(2,3) =v(1,2,3) =1. [Ei‘iFAT] core(G)=0, BS(C) =¢(v)
=(1/3, 1/3, 1/3). =l 1 > bargaining set #[! Shapley allocation ﬁ'[ﬁj :

[4 2] 5 N = {123} =C. %= 2311 v() =v(2) = v(3) =0,
v(L2)=v(1,3)=1, v(2,3)=0, v(1,2,3)=1. [Ei‘iFAT] core(G) = BS(C)
=(1, 0, 0), #(v)=(2/3, 1/6, 1/6). I [[1 > core #I bargaining set ﬁ‘fﬁj o

[E5H 3] _'&J N =1{1,2,3} =C. f@l?s? v()=v(2)=v(3)=0, v(1,2) =60,
v(1,3) =80, v(2,3) =100, v(1,2,3) =105. [EJZ;&F%] core(G) =,
BS(C)=(15, 35, 55), ¢(v)=(25, 35, 45). [P f[1 > core, bargaining set,
A1 Shapley allocation = ¥ J%T TRl y747




