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Design and Analysis of Algorithms

Outline of This Lecture
1) Linear Programming
2) Mixed Strategy Game
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Linear Programming : Example

In a linear programming problem, we are given a set of variables, and we want
to assign real values to them so as to

1) satisfy a set of linear equations/inequalities involving these variables

2) maximize or minimize a given linear objective function.

@%~ FaRE Tl AR RV SR AN Sk o AR U iR B |
el pj%ﬂzoo RO RS FIT R ST G 300 1T - flR R
AR L =gl 2P =400 2507 5ofR o 29 U 2T RIS 1T o AR
v ST RBEE 67 > [lEANEEE ZPETR e (6 207 ) R R
(x, 27 ) > ?HU%'(E:EE‘:*EULI&E? il FIL [jE i I'J #5557 5[|HY linear program

Objective function max x; + 6x2

Constraints x; < 200
X, < 300
X1 + x2 < 400 e
R o
X1, X0 = 0
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How to Solve the Profit Maximization Problem

Objective function max x; + 6x;
Constraints x; < 200
X, < 300
X1 + x3 < 400
X1, %2 = 0
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Move the Contour Line to Find the Optimal Value

1
400 ) '
Optimum point
Objective function max x; + 6x; Profit = $1900
Constraints x; < 200 300
B (100, 30 (200, 200)
x; < 300 RSN o
200 - - _ T T = e = 1500
x1 + x; < 400 -———___|
T T T e =1200
X1, %2 = 0
100 - - _ _
o T -~ e =600 x1—|-6x2=c
0 100 200 300 400 I

—‘?J L %A 28T P Ex +6x,=c lﬂl'w’ o L I feasible region HY ¥ £ [PIfl
' TRBRIS 2 = c pUp’ 7= B (:t Y[ L A1 feasible region f b & pl— %
Aol %Riﬂiﬂﬁ\ HAYETE &’!‘fﬂ YT X, + 6, PVTEEFS ¢) o YRR
Z Fﬂ[ IH[ L T F' A o c YRR A - ’é, L ! feasible
region ¥ & 7+ (100, 300) lﬂ[ﬁ%ﬁl JE\J]‘[{ X, +6x,=cF | #5 ff = 1900



Optimal Solutions Are Vertices of Feasible Region

Objective function max x; + 6x;
Constraints x; < 200
x; < 300
X1 + x2 < 400

X1, x2 =0

JFIH%HE[’:J feasible region H & | 5 i vertices » S3I% J

(0, 0), (200, 0), (200, 200), (100, 300), (0, 300)

E feasible x; =200
> N 7ty

£
100 200 200 400 :

=R W pe %ﬁ?ﬁ £b vertex (FYHZitl extreme point) -

(- PPIpusEEl > 25T SRR (o (o, xp) — ERLTE T vertices HIPH o

> G | R RRAE 19 vertices » 7P fif vertex i) 1 F Mg
B ﬂﬂ’ﬁtﬁﬂﬂ— [5 vertex {f1fL optimal solution
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Not All Linear Programs Have Bounded Solutions

P RLFTE | Y linear program f[[ﬁ? |

bounded solution > {¥[7[I : g
maximize 3x + S5y AN
subjectto x +4y >4 N
x+3y26 o
x>0andy >0 x“‘y:Q
i/[‘f > RE T 7+ bounded »
solution » [NEL x A1y Ay’ I')
A BRIET > A 3 + Sy Pl RS 0,0) 6,0) Y
ét : i& [FﬁE[H—E = 7 = ﬁzlf[ JF ELE ’ o 3y 0 3)(-|-5y3:x2-|-05y:24
ﬁ jf]. T U\H F 3x+by=14
=N ?H snnplex algorithm Eﬁ » 2§ [Fﬁﬂﬁ
SPEUP(EE AP 7 58 2 S
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Add New Variables and Inequalities

—_—

SRR S IS RO i — CERIRE, o BT
%@1%, pﬁgﬂiéa*woW#h#W®ﬁ
BER > B TR Ryt xy x, < 400 R -

=t T e N B e L AR S AR
AT | xy 33, < 600 FVFRGHT = Zh5: =5 PR = 78
FREDNES R 2D T YRR A PR ? By

linear program J[I' :

max xj + 6x; + 13x3
x1 < 200
x; < 300
X1+ x; + x3 <400
Xy + 3x3 < 600

X1, X2, X3 >0




Number of Vertices Increases Exponentially

max x1 + 6xy + 133

r1 < 200

ro < 300

r1 + xo + xr3 < 400

- ro + 3r3 < 600
r1 >0
ro > 0
r3 >0

CECECRCRCONCRC)

% - linear program HABE[| 3 W@y (x), x,, x3) 2~ (6 P57 ‘*}Hﬁaim

ol I e fxﬂ] LL S ETVVE 5 A2 (feasible solution ) }{fﬁé l‘f‘lr_[_~

4 FIpI D & HIpE > 7] [/ £l feasible region ° [ﬂjﬁii”ﬁ i&[FﬁEi{%lﬁﬁiﬂlﬁ

feasible region [ vertices |El Hs Ff+ o ’ﬁip e D e N 5 4 =

ﬂ'T ZUHYIETN > vertices H\F@\Tff“ﬁﬁ”“' lfﬁ PR BRI = o g H R
7EEI]EZ,I E | I By R Iﬁj‘fj% R o =5 |Fﬁ*f @F»Jrﬁﬁwﬁg‘ e FIJ vertices ° 9/60



Simplex Algorithm

F o Z5 iR ﬁﬂ‘F'E“ George Dantzig 7 1947 & i 58 s A3k >
b simplex algorithm ( & EG © R PR 2 {2 W‘?W’?‘/FI
feasible region £~ (i simple convex polytope ' HTATfY 2 i ;)

V4

convex polytope concave polytope George Dantzig

George Dantzig » 1914 {112+ = ZH] - BRI » 5512 X 0 A 7
VBT AT [ o T PR EELT lincar programming £ £57 £ PR YR G
E{@Fﬁjgﬁj o ZF T » SIAM ( Society for Industrial and Applied Mathematics) F%BFA{

=) = F 5% George B. Dantzig Prize ; W*T?E VR RS F[J%_E‘[ i 10/60



Simplex Algorithm

Basic Idea

Step 1 -
A I TR RS et~ [Py AR
B O a7y E=0 R R E)

Step 2 -

51 §Y initial feasible solution ( RS fs > & ]
FTE R > 0 puiE) > ST S
feasible region [iJ j@i[ﬁ vertex (iﬁlﬁfi'ﬂ’ﬁl Eﬁ )
Step 3 -

A% R fs (vertex ) AL SR 2 7
YPRRL o FHZORE o

Step 4 -

/R lﬁr}iﬁ[’[ﬁ fs (vertex ) qu{ﬁlfﬁfé |
S HEERY fs (vertex) F'1 ) z PVfli R~
£ ¥ Step 3 o

max x1 + 6xs + 133

xr1 < 200 @
x5 < 300 @
x1 + w2 + xz < 400 ©
€XTo -+ 31’3 S 600 @
T 2 O @
xro = 0 ®
xz = 0 @
(0,300, 100)
z=3100
optim <
5 c (200, 200, 0)
” z=1400
f
7
® | -
/(0,0,0 (200, 0, 0)
[ <7 z=200
fo N\ )/ —®
||III4-"Jr @
/ (200, 0, 200)

z=2800 D



Convert Linear Program to Standard Form (1/4)

Fi > Z5{RUK] linear program §EUsY ™ 3| AOAgE 1| =
max z=c¢x, +C, X, +---+CX,
subject to @, . x, + a,x, +---+a, x, = b,

ay X, +a,yX, ++-+a, x, =b, &

i
gy

HlARsy S0 1) R PSR

aml'xl + amZ'xZ Tt amn'xm — b

x, 20

FIE=" | miny = - x; + x, + x; miny = - x, + x, + x;

Bﬂﬁjﬂ?“ x; +2x,<40 x; +2x,<40
x; +3x, 260 HEVIER 1) 1% x; +3x, 260
B | X2 -5 n=5+x Ry, 20
Fd B =20-x, » FRLy, >
x, <20 e y/i 20-x, »KRLy, 20
X F A X HRE =V3-)73
Fohplyt, 20 5 y=320
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Convert Linear Program to Standard Form (2/4)

Fiee o Z5{RU linear program fEsy ™[RR B

max z =c;x, +C,X, ++--+¢ X,

subject to a,,x, + a,,x, +---+a, x, = b,

L

G A TR ) ieei )

Ay X, +ayX, +-+a,,x, = b, e
ml‘xl + am2x2 +eeet amnxm - b
x, 20
HEUER ) 15
FIfE=" | miny = - x; + x, + x; }[ﬁ%ﬁ%@h’(
Bﬂﬁjﬂ?“ x; +2x,<40 SREAF
X, +3x,> 60 Et e

miny = -y, -y, +y’; - y 3+25

Y- 2p,<75

y; T3y 3-3y7; 265

WY |y, =5+x, » FEL p. >0
s ! Y,=20-x, » K kLy, >0
‘ﬁ X3=V'3= )7
Fohplyt, 20 5 y=320

Y =5+x; > KL 20

$,=20-x, » FhLy >0

T

] X3=Y'3= V73
Fohlyt, 20 5 y=320
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Convert Linear Program to Standard Form (3/4)

F155 > Z5 MR linear program §His5 ™ SAUfEEE
max z=c¢ X, +¢,x, +---+c Xx,

subject to a,,x, + a,x, +---+a, x, =b,

a,x, +a,x,+-+a, x =b
2 YT RS T R EaE T

-

mn - -m

a, x, +a,,x,+-+a,x, =b, |

x, 20
FIE=Y (miny=-y, -y, ) miny= -y, -y,
Y-yt 25 R ty'm st 28
LI |y, - 2, <75 _ =2y, +5,=75>
= ﬁjﬂ’ Y17 g™ slack Variable> R
EHlrs,20

Y +3y5-3y 3 —e, =65

g i
J] ™7 excess Varlable> Hille, >0

B 131120, 3,20, 120, 5,20,
FOfE [y520,y7320 y'320,y7520
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Convert Linear Program to Standard Form (4/4)

HE3

max z=cx, +¢,x, +---+c¢,Xx,

subject to a,,x, + a,x, +---+a, x, =b,

a, X, +ay,XxX,+-+a,x =b,

a . x,+a x,+--+a x = bm)

x,. 20

FIRES

miny=-y, -y,
+y-y 1+ 25

25 MRUK] linear program fHus ™ [[AOfR ¥R

N

min BEUFY max>

TS

Yi—2p, s, =75
EHrrs,20

Y +3y75-3y73 -, =65
Erlre, 20

B
o [BH

.20, y,20,
y5320,y5,20

HEAER ) )k

SR E AR SR 0 ) R T

max z=-y

Y= 2, +s,=75>

EHrrs,20

Y1+ 3y73-3y7; -

Erlre, 20

e, =65

.V1>0 J’2>0
y520,y320
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Simplex : Find the First Feasible Solution

O 25 (gLt

max z = 3x, +5x, (max z = 3x, +5x,

subject to x, + x, < 4 >§E‘1T§i’?‘}$§ﬁ:&§ﬁ,ﬂ< subject to x, + x, +5, =4
x,+3x,<6 = X, +3x,+5,=6

X, X, 20 ) (X, Xy, 81, 8,20

=N LI I'Fﬁ%“?fé%?j’ A {xl P s =4

= F| 4 [ e ﬁﬂﬁ\'?j 2 flif equations » 7" F | B AT -
=5 R —ﬁ P12 fiegth 0 (PHEL 0 RLp 5ez) >

iﬁ 2 {[aEhEfe 72 £ non-basic variables ( fiHy NBV)

= 1= FS RIS NBV A7 0 -

F[h s roAgElef![7E £ basic variables (fHHTRY BV) -

Basic variables T?{“E JPE“ i I _%J NBV = {xl, xz} ,
U BY ={s,, 5, '€~ Bt s =4,5,=6 o

X, +3x,+5,=6
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Simplex Tableau

max z = 3x, +5x,

subject to

X, +x,+s,=4 =

X, +3x,+5,=6

X, Xy, 8, 5,20

z = 3x, +5x,
x1+x2+S1:4
X, +3x,+s, =

xl, xz, Sl, S2 2

—
6

O/

Z—3X1—5x2 :O

x1+x2+S1:4
X, +3x,+5,=6

2 Fliﬂﬂlﬁ hnear program (' [ "* 7 [Y simplex tableau ¢ F-

z X X, S, s, | &5 JF[O% BV
Row 0 1 -3 -5 0 0 0
Row 1 0 1 1 1 0 4 s, =4
Row 2 0 1 3 0 1 6 Sy =
solution 0 0 4 6
\ v J \\ v J
NBVfViE7<mt =0 BVAYEE >0

3 PR Row 0 CEUER) RIGH BV FOFREY= #1150

2 lﬂﬁﬁ’ SR N

2 IIRL B SR B (70 BV U8
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Whether the Current Solution Is Optimal ?

max z = 3x, +5x, | ] o | o | s | s | S| BV
subject to Row 0 1 -3 | -51] 0 0 0
X, +x,+s,=4 = Rowl | 0 1 1 1 0 4 s, =4
X, +3x,+5,=6 Row2 [ 0 [ 1 | 3 | 0 | 1 6 5, =6
Xiy Xyy Sy Sy 2 0 | solution 0 0 2 6

—

NBV BV

T o FR{PT=EEE ) (i feasible solution (xy, x,, 51, 5,) = (0, 0, 4, 6) * = {4

ipfﬁﬁ [5" solution /,EQL_T\ Jun = 3C E?Z_i ? Y /,EQL_EIC_JEJI » simplex algorithm FIJ N

S MRS W NBV pUlE € > €12 pﬁ@jfa\g T Y gpaﬁﬁ L
FIR R Eeid Rl e o 25 TS 210N 3 NBV RIPH x; 7Y x, pY T
e z = 3x,+5x, F”lﬂﬁijﬁﬁ&fﬂj[' » BT 257 i) solution & fLs (A

it : {i Row 0 #IFF NBV [0 REEPHT > 0 B » =00 Az b 18/60



Choose the Entering Variable

max z = 3x, +5x, | z X, X, | S s, | SVRTE BV
subject to Row 0 1 -3 | -51] 0 0 0
X +x,+s5,=4 = | Rowl [ 0 | 1 | 1 | 1 | 0 4 s, =4
X, +3x,+s,=6 Row 2 0 1 3 0 1 6 s,=6
X,y Xy Spy 8, 20 ) solution 0 0 4 6
\ J \\ J
Y Y
NBV BY

IV EE NBV HIPE x; A7 x, [T HVE 2 = 3x,+5x, ﬁli[};’lﬁ“jﬁﬁ“fel o [ERL
?9IF'EJ@F}*E Iy pYfE s SRRy PN IP 7 B 2 jE'l x Bl
ZFUIEI g3 5 x, leropl ’ZFUIEI BT s > Rl 25 PTE SR x, Y
lﬁli&lFﬁ{%li* NBV [yl 1£5 0 > F’?I J25 (P R oy Y BV o [R5 (72
x, £ entering variable ( ##7 EV)

> Q’Eﬁﬁ_ﬁﬁ * FUE Row 0 IR FFEYEIVE 2[1 NBV fi%] entering variable



Ratio Test -

Choose the Leaving Variable

max z = 3x, + 5x, ] z X X, 5 S, :'I“fn’iﬂf‘—? 32 BV ratio test
subject to RowoO | 1 | =3 | -5 0 0 0
x1+x2+51:4 N Row 1 0 1 1 1 0 4 s, =4 4/1 =4

Row 2 0 1 3 0 1 6 s,=6 6/3 =2
X, +3x,+s,=06

solution 0 0 4 6 EV=x,>LV=s,
X5 X5y Sy, $, 20 - = >
Y Y
NBV BV

FLOEEZS P> NBV FUES R 0 0 IHNZS (P57, Ffl - BRI

— ([ BV pyflifghny 0 ([P AAEy7Ei £ leaving variable ) » §EU7Y NBV o
IS s, BAL 5, P2 IR 5 K =0 Ty =4
3x,+85, =6~ 5,202 5,200 Frl] x,<4 5 3x, <6 (A x,<2) ° x, fY[T
gl [N SR R, < mindd, 23 VR - ﬁm—zﬁ s, [OIES 0 -
Bl s, “%F : E[ leaving variable (“JHiERL s, #E5Y NBV ) o

STERE SELA ] :
S 90 = 1B ﬁ&zargmm{i 6,>0}
g 'FF” ' 21 i || entering variable [ El\f I<i<m
PRY 6 Y FECT &% 0 iV BV it} leaving variable - 53 6 Jj[[#£ £ pivot row



How Simplex Detects Unbounded Solution ?

=T 38 i
max z = 3x1 n sz ) z X, X, s, s, |5 ?”FF 1 BV ratio test
. Row 0 1 -3 -5 0 0

subject to

Row 1 0 1 1 1 0 4 s, =4 4/1 =4
X +xX,+5=4 = [Rowz | 0 1 3 0 1 5,=6 | 6/3=2
X, + 3)62 +5, = 6 solution 0 0 4 6 EV=x,:LV=sy,
X, Xy S, 8,20 Y

NBV

=5 PRI T 2] 2, R, < 0= min{4, 2} FORHI - (HOPRERS (j NBV

Uy + 6 <0 SIS R xg 20 SR L PSS -

I~ linear program j< ¢ | bounded solution > [KIF=simplex algorithm Fi i MR-

i . ~ STHRT B YT
[{ERH] unbounded solution ;3] 4 J 0, =- . _ —
51 i 7|] entering variable (&l

F 0, <0, [IlE¥4 6, =0 4 0= min{6,}. ¥, 6= oo, EJ[JFEZ linear

1<i<m

programming FHJEETT 7+ bounded solution o (FEH= LA 5T 872 F1)
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Pivot : Generate the New Simplex Tableau (1/2)

max z = 3x, + 35X, z X, X, S| s, | SRk BV ratio test
subject to Row0 | 1 | =3 | 5] 0 | o

x,+x,+s,=4 = | Rowl 0 1 1 1 0 4 s, =4 | 41=4
x1—+—3x2—}—52:6 Row 2 0 1 3 0 1 6 s, =6 6/3 =2
X,y Xy, S;y 8,20 ) solution 0 0 4 6 EV=x, LV =s,

o I CEYBY (o Ut ) o [HRINfE R BV Pl

gm%%wiw%ﬂ%%*ﬂi%dﬁﬁ%w%oWﬁﬁmm%maﬁ
( Gaussian elimination ) : [i}H pivot row fIFEIFY EV (entering variable )

RS 1> SR = IR ] 13 G G @sy i

equation [ Eﬁbﬁf')% (77 o B[] X H3x,+5,=6 = x,/3+x,+s5,/3= 2 )

z X i, S S, %WEFJF[I%{
Row 0 1 -3 -5 0 0 0
Row 1 0 1 1 1 0 4
Row 2’ 0 1/3 1 0 1/3 2 22/60




Pivot : Generate the New Simplex Tableau (2/2)

Row 0 :z—-3x,—5x,=0 z x | x| s s, | U

Row 1 ‘x, +x,+s =4 Row 0 1 | 3| -5] 0 0 0

ROW2':lx + X —I—ls =2 Row | ° : : : 0 :
37t T3 Row?2 | 0 | 13 | 1 0 | 13 2

HEH 5 MREE GRS rows HIPE - B7E #19 BV. (] x,) pUiREe= #i% 0
(R Y T @ e | equations [IY-SHR (R 2

¥y Row 1 = Row 1’=Row 1 —Row2’ = Row 1’ =2x,/3 +5,-5,/3 =2

#11 Row 0 = Row 0"’ =Row 0 + 5 x Row2’ 2 Row 0’ =z — 4x,/3 + 5s5,/3 =10
el [ simplex tableau [ - (1t 5§ BV fuiep’ 1) EL#\ AR RN

z X X, S| S, Zwﬁﬁ':f e BV
Row (0’ 1 -4/3 0 0 5/3 10
Row I’ 0 2/3 0 1 -1/3 2 §,=2
Row 2’ 0 1/3 1 0 1/3 2 X, =
solution 0 2 2 0
4 )
Y

BV 23/60



Verity the Current Result

(&> 25T 522 simplex
algorithm ’Ff" EE TS PP
adjacent vertex - fE[l H z i

fgrop (-0 7Ry 10)

Vi

max z = 3x, +5x,

53— ~~[IY simplex tableau
z X, X, S| s, | ST Bos BV
Row 0 1 -3 -5 0 0 0
Row 1 0 1 1 1 0 4 s, =4
Row 2 0 1 3 0 1 6 s,=6
solution 0 0 4 6
530 TWpN simplex tableau
z X, X, Sy s, %3?%ﬁTF|§§{ BV
Row O’ 1 -4/3 0 0 5/3 10
Row 1’ 0 2/3 0 1 -1/3 2 §,=2
Row 2’ 0 1/3 1 0 1/3 2 X, =2
solution 0 2 2 0

X+y=4

<V
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Repeat the Above-Mentioned Procedure

No | PNELST 0 J[IEE| BT EIHY NBV -

z X X5 S 53 gﬁfﬁ{fll% BV Row 0' : z
Row 0’ 1 -4/3 0 0 5/3 10
Row1 | 0 | 2/3 | 0 1 | -173 2 5, =2 Row 1":
Row 2’ 0 1/3 1 0 1/3 2 X, =2
solution 0 2 2 0 Row 2': 5
HEEES pY T ST TR simplex tableau £_7\ et [ A 7

Al B P5E EV (x) > U= ratio test » #5E LV ()
ECERTRE ET S RN WG TSRO e
z X, 3% S s, | =7 JF[O% BV
Row 0’ 1 0 0 2 1 14
Row 17’ 0 1 0 32 | -1/2 3 x, =3
Row2” | 0 | 0 | 1 |-12] 12 1 x,= 1
solution 3 1 0 0

P & R [RERST 0 ) NBV pUTETET 2 0

— X, + 8 —
1 1
3

’ \_\""r %’:L l":J:

——X, +§S2 =10
—s5,=2

X1+X2+§S2 =2
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Simplex Stops When Coefficients of NBVs > (

Row 0" 1 z+2s, +s, =14 = z=14-25 -5,

Row 1" X, +§S1 —lsz =3
2 2 [ }[ﬁ' » Y [ B £]] simplex algorithm

Row 2" : x, —%sl +%s2 =1 TER T # adjacent vertex 75 {8 [F % o &

S MHE]- - I»I]E?J > BBy 2T 0 [ NBV fY

(Bl F’B > () Eﬁ > R Ulgfﬁfﬂfﬁlijzﬁ?

AN “- Y equations BEA 0 2= 14-25,-s,

max z = 3x, +5x, E[pﬁ/‘ iSle'ﬁFvW‘ s, A1 s, JF" >0 I NBV s,

x+3y=6 J/;[IszﬂJ[EIF,\F T2z VIR T > B LPfEﬁz

, IR A il 14 -

VA

ol |

xX+y=4
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Constraints Combination as a Solution Certificate

max z = 3x, +5x,
subjecttox, +x, <4 ................ (1) 2x(1)+1x(2) = 3x,+5x,<14
X, +3%, L6 e, (2) YE| Lﬁb‘ﬂzﬁufﬁt&@ﬁéf[im
X, X, 20
YA
lFﬂ ESESA (IR A [ F\[ FrE| linear
AN programming [I*/ constraints [" ( 5721 )

w"l N =

= fi TN =oaluksy Wfﬁ%i*uf%:

¥ %[ optimal solution ?

X+3y=06

ol |

xX+y=4
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Primal Problem and Dual Problem (1/2)

\

*

w =minw=min 4y, +6y,

REE(6),(7) &L 2 .
Bl | 7 < w subjecttoy, +y, =23 ......... (6)

Sopk =%

—

xl,X220 y19y220

FIOAI) == 2z B = oy Ay,

CEEC ZBIRNE y,p, 20, PR ]85 [ F | 408 )

yl(xl—l—x2)£4yl ................. (3), yz(x1+3x2)£6y2 .............. (4)

3)+(4) :>yl(xl+x2)-|—y2(x1+3x2)£4y1+6y2

= (Vi+2)x5+ (1 +30,)%, <4y, 46, e, 5)

B R (5) [T g 2 FUIEEUW'%? el 2y iy

Vit Y, =30(6), ¥, +3y,=5....(7), 5 4y, +6y, PUIIE] A

[NES z=3x,+5x, <4y, +6y,, Hl] FJ[[Z_4J’1+6J/2 # Fo 3 E] z s i
= $71(6) 55 yy + yy 23, 471 (T) 85y y, +3y, 23, Z5{F1E |7 st 4

i IR (6),(7) 555 31+ p, <3, 3y 43y, <3, HEw VAR RS — oo

*
z =max z = max 3x, +5x,

subject to x, +x, <4 .......... (1)




Primal Problem and Dual Problem (2/2)

*® * . . 4
z =max z = max 3x, +5x, w =minw=min 4y, +6y,

subjecttox, +x, <4 .......... (D) subjecttoy, +y, =23 ......... (6)

xlaxzzo y19y220

F £ primal linear A% dual linear
programming problem programming problem
........................................ — Jﬂg-*ii
Primal LP: Dual LP:
max c1Ty + -+ ey min b1y1 + - + bmYm

apnxy + -+ apry, <b; foriel —p ayyr+-o-+amiym > c¢; forje N
a1z + - +apr, =b forire B —» ayjyi+ -+ amjym =c¢; forj g N
x; 20 y; > 0
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Duality Theorem : 7 ¢ i 48 » 4p ¢ P &

z =max z = max 3x, +5x, . "=minw=min 4y, +6y,
: BT i :
subjecttox, +x, <4 .......... (1) Sl fl= 2= subjecttoy, +y, =3 ......... (6)

B z<w
X, +3x, <6 ........ (2) —fzji=w* v +3x, 25 . (7)
xl:'xzzo — y19y220
5 £% primal linear 3£ dual linear
programming problem | programming problem

primal LP problem

& ) 5= [IIRESTR > PERE A
dual LP problem

Duality Theorem : Primal LP [V [ &% z* = Dual LP [Uis [ % w*

30/60



Maximum Flow Problem Is an LP Problem

oA B 22
10:00 AM ) 7:00 PM -
SﬂL/J‘Eé’ﬁfa%‘% FORAE R X

Higr > maximum flow problem *J H: model 5% linear programming F* Fﬁj,{% o
R
Al maximum flow problem fi% linear program J[I™

maximize f (G) = Z ey — Z X,

ueN(s~”) veN(s7)

% edge (u, v) Y flow > ¢, ,, 7 edge (u, v) FHY capacity

u—>v -

subject to

capacity contraint - 0<x _  <c for all edge (u,v)

— Tu—>v?

conservation law : Z X, , = Z x,,,,foralluelV \{s,t}
veN(u™) veN(u“)
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Primal-Dual Algorithms

Y T¥ 1+ augmenting path 7

R(G) WIFFIRLA

s* V\S*

[)ﬁ" e ] £_7\ £% max flow ? FSEH | capacity [I¥ cut
$* { u is reachable from s in R(G), }
=< u

which has no augmenting paths
r={UE- ol iﬂ\ "‘[;:—% )| dual LP fui# | < 2 ij\ “I3EFYZ] primal LP v
Efi | FI JQE]ET 1578 £ primal-dual algorithm -
D YRR HIETE HRY flowkL A '-*'%C,E_:Eﬁ“\ [ ? “Hy residual network FEIpE T

[53 rj; augment path 9 [FpRE SRS Tk — ([ cut o El capac1ty [l > =2HT max
flow f{ = F|]*] min cut dual LP) J‘[Jﬁ'ri__‘\ =3EFYZ|| max flow (primal LP)




Two-Phase Simplex Algorithm : Example

Ht o BETE B H T

-

minw = 2x, +4x, | max z = —-2x, —4x,
< -~
0.3x, +0.1x, <2.7 % e ) 0 0.3x, +0.1x, +5, =2.7 .......... (D
0.5x,+0.5x, =6 ¢ T 05x, 405X, =6 e (2)
—
0.6x, +0.4x, =26 0.6x, +0.4x,—¢, =6 ............. (3)

X, X, 20 | X, Xy, 5, €20

B V] o 25 ['F'ﬁ—ﬁ initial solution (x,, x,)= (0, 0) £ NBV -
(D) P s =27 - &Q) ' ¢=—6 > ([l ¢ Tj2F 20 -
F"JE'}[% x=0,x,=0 ﬁ P (2) BT PR

BRI 2 = BHEBETETE  AIFEHEE
HRORLISBSHAEL - WEFUR LRI (%, %) = (0, 0) 20 PR
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Notice : (0, 0) Is Not in the Feasible Region

(0, 12) 0.6x, +0.4x, > 6

F [ﬁ(%‘ﬂ%_ﬁﬁ .~ 3| linear program fiv
feasible region ( [{E 7" <IAVE a6 )
(minw = 2x, +4x,

0.3x, +0.1x, <2.7

0.5x, +0.5x, =6

0.6x, +0.4x, > 6 0.3x, +0.1x, <2.7
[ X, X, 20 (0, 0) (9, 0)

5 P18E3E > (0, 0)
T E [Tt feasible region FIR

N

0.5x, +0.5x, =6
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Two-Phase Simplex : Basic Idea

A

(0, 12)

(7.5,4.5)

(8,3)

(0,0) 9, 0)

1@} ’FL%’![‘ (NBV)

LF\I E | iﬁf{] PLEAE | i

(0, 12)

S

i fegsible region

(8,3)

fel ¥~ simplex algorithm » “ZfIfe1 8 |~ f[ﬁ{@i[ﬁﬁ@ feasible solution -

(7.5, 4.5)

(0, 0)

9, 0)

YR > SRR

T A,

{1 "] simplex algorithm

$9 SRR RS 1

feasible solution

»

j

A

(0, 12) |

=) B Erd 9

AR U (7.5, 4.5)

[ pptimal solution \\ g /4w
(8,3)

©.0) ©,0)

T I 37 feasible solution

Yim o 5 (TR S
Elﬁf} FHJEE {1 ] simplex

algorithm % £]] optimal

solution
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First-Phase Simplex : Add Artificial Variables

minw = 2x, +4x, |
0.3x, +0.1x, <2.7
0.5x,+0.5x, =6
0.6x,+0.4x, 26

X, X, 20

|t

[ maxz=-2x,—4x,
0.3x, +0.1x, +5, =2.7
2 0.5x,+0.5x,=6
0.6x,+0.4x, —¢, =6

| X, Xy, 8,20

max z = —2x,

0.3x, +0.1x, +,
0.5x, +0.5x, =6
e =06

0.6x, +0.4x, —
>0

Xis Xos 815 €

—4x,
=2.7

FLE ’FL@’!‘ T kL feasible solution
e - SR B
g o QP EAEH =

minw, =a, +a, +a,

0.3x, +0.1x, +5, +a, =2.7
0.5x, +0.5x, +a, =6
0.6x,+0.4x,—e +a, =6

X, Xy, S, €, 4y, a,, a3 20

PPN Fe i min w, AV [ RS O (iﬁﬁj’ T ’F‘A'{E"SF’%@?""FUT? %Wfﬁ'@%% ) 0 FA
LA max z iy F}HEET? | e o Lpﬂ?ﬁ?\} 9 I'J#5 %] max z fiI— {fi feasible solution

PPN e e min wy fge [ R O

» FA RUE maxzpj& IR o PTG



First-Phase Simplex : Row 0 Loses Information

Ht o F M SImpleX algorlthm RaRI: 4

minw, =a, +a, +a,
0.3x,+0.1x, +s, +a, =2.7
0.5x,+0.5x, +a, =6
0.6x,+0.4x, —e +a, =6

X, Xy, S5 €, @1, @y, A3 20

fifis%

—

(maxz, =—(a, +a, +a,)
0.3x,+0.1x, +s, +a, =2.7
0.5x, +0.5x, +a, =6
0.6x, +0.4x, —e, +a, =6

X, Xy, S, €, 4, a4y, ;20

1% T2 EP [ linear program fi* M| 1 fY simplex tableau s F .

A Y T simplex tableau | i_?} v fet [ A 9

Zo | X X, S| e, a, a, a; | VR BV
Row 0 1 0 0 0 0 1 1 1 0
Row 1 0 03 | 0.1 1 0 1 0 0 2.7 a, =2.7
Row 2 0 0.5 | 0.5 0 0 0 | 0 6 a,=6
Row 3 0 0.6 | 04 0 -1 0 0 | 6 a; =6
solution 0 0 0 0 2.7 6 6
o

Fi# > Row 0 #IFH BV [i9EERHI AL 0
> . ‘Fjr%}*jgk |F[[ Row 0 ?EEE BV E'

TEr= £ 37/60



First-Phase Simplex : Modify Row 0

Z, X, X, 5 e, a, a, a; | FYET 3% BV
Row 0 1 0 0 0 0 1 1 1 0
Row 1 0 0.3 0.1 1 0 1 0 0 2.7 a, =2.7
Row 2 0 05 | 0.5 0 0 0 1 0 6 a,=6
Row 3 0 0.6 | 04 0 -1 0 0 1 6 a;=6
solution 0 0 0 0 2.7 6 6

B [ e M BV F[,JIITEVT Rl O i ? lﬂf&.[ﬂ FLYy lFﬁfLH [ ARV TE-max z d%5Y max z, quﬁﬁrsf
2 RN AR BV [REr= £ 0 /T €1 cl5%gh equations Y3 ﬁf}gj (AR 2
FIRTRBGEED » Y Row 0 = Row 07 = ROW 0 - (Row 1 + Row 2 + Row 3)

Zo | X X, S| e, a a, a; | YRR BV ratio test
Row 0 1 -14 | -1 -1 1 0 0 0 -14.7
Row 1 0 03 | 0.1 1 0 1 0 0 2.7 a,=2.7 |2.70.3=9
Row 2 0 0.5 | 05 0 0 0 1 0 6 a, = 6/0.5=12
Row 3 0 06 | 04 0 -1 0 0 1 6 a,= 6/0.6=10
solution 0 0 0 0 2.7 6 6 EV =x, > LV =gq,
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Second-Phase Simplex: Change Objective Function

Zy X X, 84 e, a, a, a,/ | T FIA%'_ BV
Row 0* 1 0 0 0 0 1 1 1 0
Rowi* | 0 | 1 | o] o] -=5s|o]|-4]:s 6 X =6
Row 2* 0 0 0 1 1 1 /5 -1 0.3 s;,=03
Row 3* 0 0 1 0 5 5 6 5 6 X, =6
solution 6 6 0.3 0 0 0 0

ALY [ simplex algorithm U= Aififl - & %z YL 00 = ay=a,=ay=0 >
Bl 'EL A max z iV feasible solution (x,, x,, s,, €;) = (6, 6, 0.3, 0) fiErf=tTie " o R
Jpfpe A _FASR max 2 2 RS S T AR RO ITE L 00 TR a) - a, > ay FETEY
columns }“JBT)%T%J:'EI_J' o [F=9t > FFT max z, 7 max z [ LRLf [?[2?,“7 f[ » B T 2S 1 B
fel R1% Row 0* H[[fi* - LF*E\?]F[‘ HZ™ % o F[F[]"] simplex algorithm E\'Hﬁﬁ%“', max z

z X X, S e, | =% ?[j{ BV
Row0 | 1 | 2 | 4 | 0| 0 0
Rowl [ 0 | 1 | 0| 0 | -5 6 =6 = Fi © Row 0 #IPF BV {8755 0
Row2 | 0 | 0 | o | 1 | 1 03 | s,=03 | HEPR{SEFE R
Row 3 0 0 1 0 5 6 X, =6
solution 6 6 0.3 0 20/60




Flow Chart of Stimplex Algorithm

SRCE T T, o | No Lt IR 2 ey o, J

,, [ FET=C =
)_Fl%!l—(xvxza eees X,) = (0,0,...,0) > E RSN min wy = a,ta,t...+a

i__F‘\[ £7% feasible solution ? ! #/5 simplex algorithm

No
Eﬂi_lz[ val 0, a,= 0, ...,am=0? H LPE%]“:\‘T\EJ%]

F5%| feasible solution
U Vg £ max <

Yes

Row 0 (FIH=") HIpH ) .
BV FYUTHIZ £50 7 No Simplex Algorithm

l Yes

— —— ffm] Gaussjan elimination}
] NBV puefe=£4 0 fiSsef gt
' BV ez ?ﬁ({ >0 o
ROW0 CEME=Y) HpR
\_NBV [FHLA Z 207

J

Yes EREY BV A[JEG A ]

-

\

No
L = .
#< Row 0 RIFH NBV FY [FHrEi i 2f9EL EV o #= unbounded solution
ratio test > ¥yt LV o ¥~ Gaussian elimination > rat'_LEEtl,eSt E'%‘l"ﬂ = o0 Fl\ -
2 pivot row I'| J} FrE | Tows fY EV Y FHr= ?ﬂﬁ?@ 0 Y

J
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Running Time Analysis

max x1 + 6xo + 1323
r1 < 200

ro < 300

r1 + xo + x3 < 400
ro + 3rg < 600

I 2 0
xo > 0
xr3 Z 0

QOO®®®O
Y
S
|
<

/ Narendra Karmarkar > 27 52 F 7 AT&T
- ILEEHJI » 5% PH interior-point method

,mf FE n ([FRAF m>n i 2=V 0 linear program [V vertices Afit3E C(m, n) - Worst
case 3 + T n=m/2 (m/2+1)x(m/2+2)x--x(m/2+m)
Ix2x--x(m/2)

iﬁ%ﬁ simplex algorithm [I"J time complexity t‘@?ﬁ/@(fﬁﬁ [H] o b= o ft simplex

algorithm 143% EV HILV » [NIFE55 F > S v, SR ﬁ% M B> linear

programming \_fﬁ\ FL NP-complete - 1984 F > N. Karmarkar 38 f¥| interior-point method
(%'\BZWJJ %H%FF@E, 1 4744026) - f' it 2RI EST [ [ linear programming F’!EJEE )

1% IH simplex algorithm - 1988 = Karmarkar J&TH Fulkerson Prize

o | :
’Pﬁﬁﬁ C(m,m/2)= >1.5"




A Story about Game Theory (1/3)

*ﬁwﬂF I O AT AW WA - 1943

2 F[ 28 FI o S AOUHH Y - FIHIERHE T W8 YT 8 RS
gxﬂgﬁbjﬂmw‘: Ty L 5753[‘%,"—73:[ J_:‘ =L o E[Fﬂ E [[—ITE?j’”F[ .
-:H“ﬂﬂiq»'i (A0 B H “‘Jlﬂf‘fnﬁ (R W%*%“%JEH‘“I A *ﬂ“ﬂﬁg"‘g‘ =
R I T AR I o SRR Fl’l T i[‘qEE 'ﬁl €12 R P st o

" Papua New
Guinea

g R
| HJEHLT (_f‘{%&




A Story about Game Theory (2/3)

ST ENTEARGA B R HiE e (SRR AT AR SR
e TEE",FI QPP TFE = = el pl)&"%ws{% Lo = SPVHIBSIR S P
B = B o DA SRR R - T Wf‘ﬁﬁ'ﬁn»ﬁ\’ﬁﬁﬁﬂlfﬁ
MR S RIS, » BT S B B IR SR

CWewak
April Salome \
Forest

Manugement Area
m

‘--m-Mendl / Gﬂohgi
s 9 . 1%
Papua New NoLae
Guinea ‘3

MBS
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A Story about Game Theory (3/3)

SR VR Beef 4 i SRR PO e SR
D REETE PR S R T R o RS S D ﬁjﬁﬁy‘e Al R T
BSES S o YIRS @%ﬁJ%%@.W§W SRR Ao
~ PRI > B L B[R SRS

April Salome

Forest
Management Area
Ay
) X Ht
Mendi Goroka
5 N oh_,J ﬁﬁ iﬁ‘}
Papua New \_ _J;Lae
Guinea

'”ﬁ@ﬁﬁﬂﬁ_'
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ﬂﬁi
=

Game Theory 7P & SR FF &

P
Wewak : — -
Bismarck Szt id
April Salome : IS”;;C K fl%%' J:I @
3
jomen Rabaul E[? E'J@
‘e
.

Management Area

.\,1.;,;:‘,: Poa gen Gc;ok& a% Ne:;f;lrnrt"’am
Paé}l-lljiang.lacw iﬁ; Lge v... %szug‘{_ﬁﬁ.l “'
SRS o T e
STt
'ﬁ*ﬁf* " ’ R
JFr + ﬁlf |
payoff matrix FUR
(3 Hi, F1EY) =t el s
= s (2> -2) (2>-2)
SHI (FAE2 » BgE2) (BFE27 > BLEE2T)
R iast (1>-1) (35 -3)
(B E™ o BRI~ | (FRPE37» BLEEs™

ISR T e 30 A ] - PP Bl P g (W T A7 -
YRR BRLEVHITRARY o @ Ty sty SBLRL T RAsL 2 N ok
FRAERY > ™ %'?’Kdﬁl*%“ﬁ%ﬁ TR RS ) SRERL T s 9 1560



Best Reply Function for US Air Force

payoff matrix )|
(S0, F11) T gL L
35 izt (25 -2) (2:-2)
X (WAE2~ > Higle2~ ) | (iR~ > Hiile2~ )
GEES (1--1) (3--3)
(AR~ BRE ) | (BB HEE3~ )
payoff matrix )|
(SCHMs EUED) 1= fissL R e
Sl [ (2> -2) (2>-2)
X i (WAE2 > Wi le2~ ) | (@B HiElE2 )
ERRLES (1--1) (3--3)
(FAES > HEAES ) | (B3 HElE3)

AR TR ST IR TR M
B T el | PR [I%JEIF[[ = Fiijlﬂﬁm;ﬂ ,ﬂﬂ = ﬁ"[%%?%;
AR PR o DRERLS. R BRI R s 2
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Best Reply Function for Japanese Navy

payoff matrix FUHT
(87, F11) =t g AR
4= sl (2--2) (2--2)
=& (BAR27 o BgCR22 ) | (FTR2 » BLRAR27)
iy At (1:-1) (3--3)
(BARAS  BEECH ) | (R3S » BLRATR3™)
payoff matrix FURT
(87, F11) =t g AR
35 pieasl (2--2) (2--2)
=& | (B2 BRI ) | (FAR27 » BLE P2~ )
T AAsL (1--1) (3--3)
(B BRI ) | (B3 » BLELIES™ )

(¢ FPILFH'[EUJT’Ti FSF s N SR T L ﬂﬁlﬁ[
PSR TS sl AT Rl T iasl 32 s o PP = ﬁ‘h 2

rFPJﬂjlﬂﬁiq&\J ; ﬂBWEIE‘IE’}M D=L | B o B A F' F:: e
[ > DR G S TR SR 47/60



Conclusion : Battle of the Bismarck Sea

g’zﬁ %;;Erf%ﬁ%ﬁﬁﬁfﬁﬁo FH AR ORI ﬂﬁ ek TR [P
r+E'ﬁm’* 1 VJ SRS [ IR ’ﬂ\ﬁlg EE T IR i

2 By B

ﬂﬁ:F‘Fu D 1943 F 352~ 31 SUPITEE T T 5 gaeL }%f\gﬁ CIBIETE A | YA
#\ﬁ‘lﬂ 2 SHEIR RS A 3 S EES RLERESG > 4 Sffid 13 & .

[ F U 4 R A RLG 8 B AN S Bk > o S @y 3000 -
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Pure Strategy Game ( # it
payoff matrix FURT
(SCHi, EUHD) J= 4 sl GRS
SialiE LEC (2>-2) (2 -2)
& (BFE2™ o W™ ) | (Ee2™ > Hike2™)
R (1--1) (3--3)
(BrEA™ o A=) | (EE3™ > Hiies™.)

\_3°5“

1) a set of players N= {1, 2, ...,

ny,

2) for each player i, a set of actions 4;,

3) for each player i, a utility (or payoff) u; over each action profile (a,, a,,..., a,).

AL

S T

1) players [N 7 4 N={ZHi, [THI},
2) S FTEIAISCHI » action set ?ﬁﬂﬁi_ (AT ARASS Ty AiasL o
3) uy E,»(:[ SIS, T ARRSY = 2, u E,»(:I =R, TS = -2

. A pure strategy game G = (N, (4,), (u,)) is a game that consists of

BIErsE | WHE S G= (N, 4), (w)) +5




The Assumptions of Pure Strategy Game

Pure strategy game '@F%

1. & {f# player ?’Bi[l E A= -

2. =i player ?Bi[lja“é S E R
action ;\,_;,FJ

3. = ([ player ﬁ[ﬁi[lfﬁél (i action profile

H™ payoff ° ke
Jiu
4. =i player ﬁ[ﬁ R T fﬁjﬁﬁf [H’FJ[J ° game °

R TR TR TR

il (BB 47 > kL player 1
7 F EI:‘” player 2 ¢ ',j?i’zlﬂfj,% _P\[ , 71{1%4
TIRCRIHT RS © 35 - player |
LI?F‘E;T T HEL player 2 ¢ LI'IJrJﬁ:—H .

EJEF?@ i fﬂJ ——Ej}g IRNIiEY,
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Nash Equilibrium for Pure Strategy Game

John Nash : 1928 = 4% »

1950 & (22 7z ) &1 fF”} PREATE
L
Nash equilibrium - 1994 =F J&TH

Pure strategy game [V Nash equilibrium ( 5 ) : ST G = <N 9(Ai)a(ui)>9

my

¢~ [l action profile (=B Fﬁ )a =(a,,a,,...,a,) £% Nash equilibrium
MHET ieN Hla ed > SFHE ula, a’)2u(a, )

i pure strategy game FEIPE > — i action profile (7 Ex- Fﬁ ) B ES Nash
equilibrium (RIS NE) > ”&Fgf{ action profile ¥IPF » 72F | &R T VR
SRR e TN BT TG R EIF”E@?H%& o
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Find Nash Equilibriums via Best Reply Function

payoff matrix FURT
(EF0, EH) 1= i BRELS
I= s (2> -2) (2> -2)
*fii (BPeR™ - WA= ) | (BRMe2 Bt
P (1--1) (3:-3)
(BEA= s {EXES) | (B3R W™ )
(= giRsy, J= s fL NE » PUET,

s I AR, T8 = 2.2 g (P RS =458 = 1
(7RSS 5T GEY = =2 2w o (1T S By T 5 = -2

NE F' ' 2 [ % 5EH[[ ! action profile f_@i F ﬁ%‘ﬂé% » BRI
%ﬂ?ﬂiﬁ]ﬁlﬂf ;: Ea)f’z?ﬂf ZEE NE JIF“[_I action proﬁle

I (EPMTHPS )  * Nash equilibrium - Eplim L S5 AY
action profile a” : a. € BestReply(a_.), forallie N.
BURLRLFE © NE #238 & 7 58| players ffj“’ﬁv best reply fi JE?[Q{ 52/60



Rock-Paper-Scissors : Zero-Sum Game

payoff matrix
AB | BHYES | BHY TR | B
AH';Ej“’J—” 0,0 -1, 1 1, -1
AH',?[EE 1, -1 0,0 -1, 1
At | -1 1, -1 0,0

A~ By R T S R IR 1 R T L saveo



Not All Zero-Sum Games Have Pure NE

[ 8> [0 = B [t . e iy
‘?’;3 Bch 91" | Be 'IEI'EF" BILL 'I.HJ (A 17, B el F17Y) iﬁ[[ﬁ' action profile
Al 'rEEJ_JJ 0,0 ) s = .
\_\hr N _[_ 11 1 ’ —’\Hfr'}
A TgE | L-1 0.0 11 7%l Nash equilibrium » [N
At | -1t 1,-1 0,0 ug COPL Tp) > ug CTIPEL J777)

P (7 1B, 577 7) kL Nash equilibrium > %5 ﬁﬁ%*%lﬁ”ﬁ game > S5 E'/H‘“ﬁ
R 2, 90 ) S acton profile » [y 5% 0 - A » e C
ABRTER A T ERES TP SRR - C T

1 @A[EEWL[ ffl PE e THEELE % » Rock-paper-scissors game T ¥ T
(pure) Nash equilibrium - IH['[ i B [ mﬁlfl RN AURL ¢ RLERE Y

F |} (game) f’ﬂ deterministic solutions (pure action profiles) °
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Mixed Strategy Game

9p

%7

IS

A B B 3% 9”7 fURF ¢, | B3E T FHRVEIS ¢, | BE || FOlF 1-0,-¢,
A §17 0PRSS py 0,0 L1 L1
A T [V p 1,-1 0,0 L1
fi_‘i[ FESSR 1-p,-p, -1,1 1,-1 0,0

F W\lﬁfﬁﬁ I[# 1% 7 deterministic solution » PNIF=Z% {801 E[/E_
randomized solution ° [/ Fﬁ%ﬁ' > Y FTELEEY A BT EE py A p, EJIEI ;

B M2 g, M1 g, PVIEE - ftf P 7+ (mixed) Nash equilibrium ?

E[ij/\[[—':‘ﬁﬁ p]ayerT K-A;I\LI;FEEE‘,[?LF,Jf_E [n TE"_E'ZJE[ ) [—K[[ lﬂmﬁj game

785 V £% mixed strategy game. 35/60

E



Linear Programming for Mixed Strategy Game (1/2)

A,B B E g 7 BVER B 2 T pH Vg B ﬁ | B
ALY D 0 ’ 2
A = TP VR p, P 0 12
A T[J FUBSSR 1-p,-p, 1-p,-p, ~(1-pi-p) 0
B St pui W i 1-p,-2p, -1+2p +p, ~P11P;

SPB R Pflim S (TR TR > T PR (907 TR ) R

L e (R S I IEB@FHEJ?@H)C;@* o Tl Z5 (17% ) x = max{ 1-p,-2p,,

~1+2p,+py, -+ Py e 7#PJB EJ;E%”BQJEJELAEH;@* BTl A S EER py H p,
MJRRE x Py Ao NI ASEEETRCS S[[AY linear program

min x ] max z=-x
x>1-p -2 X+p +2p,—e =1
_ Pr— <P P+ 4P, 1_ fﬁﬁpﬁtgpl p,=1/3 >
x2=1+2p +p, X=2p—p,—e,=-1 -

P = >:>n—g$]xﬂj@tr, °
X2—p +p, X+p —p,—e=0

= ll:[\ 25
nglapzél x=a—b,P1_S1=1,P2—S2=1 [HJ [FEJE TW’QIE[EI

—00 < X < 00 | Di> Pa>S155:,€,,€,,65,a,b=>0



Justify 4°s Mixed Strategy via B’s Expected Payoff

A,B BZ 37 (b,) B3Z 7fH (b) B 3% 7| (by)
NSEXT SEND PV g, =1-9,-¢,

Aff,_{@?j_”(al) 0,0 -1,1 1, -1
IS p,y

A ZE T1HH (ay) 1, -1 0,0 -1,1
B p,

A;ﬁi{“ﬂ (a;) -1,1 1, -1 0,0
TS p,

BIEFIfEW i =" 3" uy(a,.b,)x(pxq,)
= (09, — P43+ (P29; — P2a4,) + (P34, — P34>)

T:F'["I’P1 =p,=p;=1/3 Eﬁ B }%%“HLJ’EEJ@@ = <E‘§F%B L ’E":?"J
Hipy =04 p, =03 p; =03 (A 5]~ oA Rl RIRD

B JGH VI [ = 0.1%(q,~q5)

5 a=1 (BESI VTP » g,=0 (FFEITR g, =0)
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Linear Programming for Mixed Strategy Game (2/2)

A B BE 917 Pl ¢, | BAE TFIIVE ¢, | BE ) VBT 1-¢-, | AVERSVIE
A 917 pERs 0 -4, 1 414, 1-¢,-2¢q,
A E TP pER q 0 -(1-9,-q,) -1+24,+4,
ASE ) foRsEoRs -4, 4 0 “ith

SEAF (R A wg e RU/MERT R NE e
= &t F P R DI PRI y S Jf&IFTEJy max{ 1-q,-2q,, -1 +2q,
TPy =gt gy ,/Zﬁp | A PVEFIERL B pUREFK > BRI B SORREE g Al g, TIRIRER v Y
(et -] o I B SRR Jj[JAY linear program

min y o
yolog-2q | CHTERG=g=13 0

e | P D 0 - R S
)/2—1+2ql+% .y o o

>_g +q » = [ Nash equilibrium £ :
g;q%q <21 ALHEY TR TPV 13

<qg,, ¢, < 74 PE

B E7Y T HE >~ RSk K 1/3

—00 < Y < 00 7 C 1P HJF SR
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Nash Equilibrium for Mixed Strategy Game

Mixed strategy game FEIPE - IEI% player i [IN action set £l 4, > H#[fic player i [IJ

strategy (R_.V‘IE[IZI> a; ¥ E action set A, FIpUBSE ST o fYN T THT

TP HJJ [~ game FEIPET - player 1 {Y strategy fi' I'[ &L (1/3, 1/3, 1/3) » ']
£L(0.4,03,0.3) o

Mixed strategy game HY Nash equilibrium 5 : — ([ strategy profile (fq]ﬂé?
w"l e

Fl> a ={af,---,a:} ELNE » #02% » p' I HPRHSR@E e | action set =
A s 53 [ PRI R d AR T - (19D © {(04,0.3,0.3), (173, 1/3, 1/3))}
TR NE » [NE) player 2 iV strategy &%% (0, 1, 0) fi' /G H F’\I[‘FI HY {2 HHLE i

p el P20 LR M| NEpJ
SRR L i
/ 4

2 ALk
A
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payoff matrix

H VRS, [idsifig

Sy I
félﬁﬂ i

JEFTR VRS PYRI I YR B S [ e PR SRR A
OPNZERT A AR (=R R e = o0 (Al SRR i o5 -

TR R SRR S E T A BIOR E oT o BRI PR
= M FORNHVRE AT 8k E EE Y Nash equilibrium e

ﬁ%t : [XNH] simplex algorithm  Ft EN@A 1 - F,12F |17 basic variable, non-basic
variable, entering variable, leaving variable, ratio test - 2| 0 I 55T -

[’EATA?’] Nash 5y, . H‘%iB?,I‘J3/7F‘fJ%§*<i’T6['&@Fu’fﬁ : p‘[iﬁﬁ[ﬁ'%%y; 2/7 Fﬁp&&}s;@ﬂ[gg;ﬁﬁ
[ﬁ%] HESRIRY i s S £ - 1/7 > (15 odsilg T f P 10 P

AU [ VR e e [T Pt {0 9 7 dmkfi oty e i B - 1/7 R % 60/60



