Design and Analysis of Algorithms

Outline of This L ecture:
Divide and Conquer

1) Merge Sort and Quick Sort
2) Linear Time Selection

. ztchou@ee.nsysu.edu.tw
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Divide-and-Congquer Approach

Divide the problem into a number of independent subproblems.
subproblems

subproblems dynamic programming

Conquer the subproblems by solving them recursively.

® Basecase If the subproblems are small enough, just solve
them by brute force. recursive
divide-and-conquer algorithm base case

Combine the solutions of sub-problemsto deliver the solution of
the original problem.
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The Sorting Problem

Sorting problem
— Input: A sequence of n numbers A =<a,, a,, ..., 8,>
— Output: A permutation of the input sequence

A'=<a,a,..a,>suchthaa ;< a,<..<a,.
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How John von Neumann Solves Sorting Problem

IIIIN von N[IIMAHN

. MATHEMATIGIAN [
y ¥

John von Neumann 1903 1957

1945 6 John von Neumann 101
1945 John von Neumann mer ge sort
1944 Theory of Games and Economic Behavior
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Let’s See How to Merge Two Sorted Arrays
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Pseudo Code of Merge Procedure

MERGE(A. p.q.r) Merge(A, 9, 12, 16)

n«—qg—p+1 (n=12-9+1=14) @ L R -
ny < r—¢q (n,=16-12=4) / A \/ A \
create arrays L[] ..ny 4+ l]land R[1..n + 1] ¢ 8 9 10 11 12 13 14 15 16 17
fori < | to n ] A '
do L[i] « A[p+i—1] ‘ K
for j < | ton :‘Lé : : :}; P ; 3 ;;; [ 2
do Rla’] — f‘llff + J'J array | E : - f : =z
Ling+ 1] < o¢ for- : |
TR Bl S S S
[ — 1 L
j =1 R @
for k < ptor ~N s 8 9 10 11 12 13 14 15 16 17
doif L[i] < R[] .:' A 1|5 '
then A[k] < L[i] W
i—it1 € |2 3 4 ETTTTTM a5 4 s
else A[k] < R[/] LIz[a]s]7]=] kR F[2]3]6]=
jeditl | ”
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1st Phase of Merge Sort: Divide

MERGE-SORT(A, p.r) ( J 1 -
iff:l*’”‘ L ) A [38]27]43[3|9[82]10
theng < [(p+7r)/2
MERGE-SORT(A. p. q) \
MERGE-SORT(A.q + 1,r) 38|27]143|3 9|82|10
MERGE(A, p.q.r) |/ l/ \
3827 43[3 0/82| |10
N /N AN
T V4
mer ge sort 38| 27] [43] 3 @ 82 |10
\— _J
~
_ - size 1
arraysize 1

sorted array



2nd Phase of Merge Sort: Conquer and Combine

MERGE-SORT(A, p.r)

3

9|82

/ \

27|43
it p <r
theng < |(p+7r)/2)]
MERGE-SORT(A, p,q) 3827
MERGE-SORT(A, g + 1,r) /
MERGE(A. p.q.r)
38|27
Z N m" \.
38 (27| |43

merge merge
sorted array
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Execution Steps by Recursive Merge Sort

( J Step O:
Step 1.

Step 2:

MERGE-SORT(A, p.r) Step 3.
if p<r Step 4

then g « [(p+r)/2] Step S:
MERGE-SORT(A. p.g) Step 6:
MERGE-SORT(A. g + 1.r) Step 7:
MERGE(A, p.g.r) '

Step 8:
Step 9:

Step 10:
Step 11:
Step 12
Step 13:
Step 14:
Step 15:
Step 16:
Step 17:
Step 18:

MergeSort(1, 7)
MergeSort(1, 4)
MergeSort(1, 2)
MergeSort(1, 1)
MergeSort(2, 2)
Merge(l, 1, 2)
MergeSort(3, 4)
MergeSort(3, 3)
MergeSort(4, 4)
Merge(3, 3, 4)
Merge(l, 2, 4)
MergeSort(5, 7)
MergeSort(5, 6)
MergeSort(5, 5)
M er geSort(6, 6)
Merge(5, 5, 6)
MergeSort(7, 7)
Merge(5, 6, 7)
Merge(l, 4, 7)

1 {

A (38(27|43(3]9/82|10
1
38(27143
2 6

3/910127/3843/82|
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Running Time Analysis

MergeSort (A, left, right) { T(Nn)
1f (left <right) { O(1)
md = floor((left + right) / 2); O(1)
MergeSort (A, left, md); T(n/2)
MergeSort (A, md+1, right); T(n/2)
Merge(A, left, md, right); O(n)
}
}

T(n) =2T(n/2) + ®(n) whenn>1
- constant ¢ n>n, T(n) = 2T(n/2) + cn
T(n)
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Informal Proof Recursion Tree Method

Fin/d) Tinid) Tin/4d) Tin/4)

T(n) = 2T(n/2) + cn A 0 e——

N

¥ 2
,.-"'a \ cnl2 Citf2 e O (TR
5

Tinl2) 'f:::r;'-'l b
log n

o cnld ch/d cnld cnld CTTTTTTES | [ TRN e ¥

aad

\ S
// a / \ ’ Total cn (log n+1)
T(n) =0O(n log n)
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Formal Proof by Substitution Method

T(n)=2T(n/2)+6(n) T(n)=0(nlogn)
substitution
C n, n>n, T(n)<cnlogn
T(n)<cnlogn T(n)=2T(n/2)+6(n)

T(n) < Zx{c(gjlog(gj}rén = cn(logn—log2)+¢n
= cnlogn—(clog2—-¢)n

N

T(n)<cnlogn (clog2-¢)>0 = c>
log 2

Vo

n>1 c¢>

T(n)<cnlogn
log 2
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The Practical Value of Quick Sort

lecture comparison-based sorting algorithm
running time Q (nlog n) merge sort running
time O(nlogn) mergesort  optimal sorting algorithm
Turbo C++ 2.0 library Turbo C++ 2.0
library quick sort quick
sort sorting algorithms guick
sort
Sart type Input is... | Sort time (sec.)
Quicksort unsorted 5H.73
Merge sart unsarted 60.04
Quicksort | already sorted 28.87
Merge sart | already sorted 30.29

http://www.al.mit.edu/projects/reinventing _computing/papers/theses/pshuang/meng/
node20.htmI#SECTIONO00710000000000000000 13/38



The Inventor of Quick Sort

Tony Hoare 1956 1956
1958
1960 1960 quick sort
ALGOL 60 1980 Turing award
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Quick Sort Concept

qui cksort (A) {
i f (length[ A] == 0)
return;
sel ect an elenent x from A
S ={(y A) and (y < X)};
L: ={(z A and (z > x)};
qui cksort (S);
print Xx;
qui cksort (L);

A

qui cksort

S X X L X

qui cksort qgui cksort
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Quick Sort

A
element

qui cksort (A) {
I f (length[A] == 0)

return;
sel ect an elenent x fromA;
St ={(y A) and (y £ x)};
L: ={(z A and (z > x)};
qui cksort (S);
print x;
qui cksort(L);

> 1f]|5|]7 4
11|3]]2 6
11|2]]3 6
11|2]]3 6
11|2]]3 6
11|2]]3 7
11|2]]3 7
11|2]]3 7
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Running Time Analysis

qui cksort (A {

if (length[A] == 0) L on
ret ur n; COﬂStantC
sel ect an elenent x from A; n>n,
S: ={(y A) and (y < X)}; > steps<cn
L:={(z A and (z > x)};
Ul @REBEFE [ F) 2 oo S [ > T(k)
critical print x; y
step Ui CKSOrt (L) e > T(n- k- 1)

S k X L n- k- 1

qguick sort  runnung time T (n)

T - 1 fn=1
(" _{T(k)+T(n—k—1)+cn ifn>1
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Best Case Running Time Balanced Partition

-nnuu“h i

['”u'll |r|||rr|u“uuuuruu]lh- H

/\

qui cksort I / \
[\

logn / \\

Best case quicksort U A U O N
S L | P

ot QHT_lD . GHT_lD b o

Total | 1
< 2T(n/2)+cn=0O(nlogn) otal cn (logn+l)
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Running Time When Partition Is Unbalanced

I T ————rT— &n
= y & 2)
ﬁ L] % o e - chn
ok / \ / \\
l 9 9 81 :
o5 ™ = n o6 1 Top 1 e O
| / \ 7-X / \ >< 1+lo n)xcn
log 09 1 of : : ; ok = / \p., _( Jrors )
v 1 Tooo 1 Topg M1 eeeeeseiee 0N
N e
3 i < O]
"x
Y | it < o j

O(nlgn)

T(n) <T(9n/10)+T(n/10) +cn partition
=0O(nlogn) quicksort  performance
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Wor

]

Running Time

qui cksort (A) {

9 i f (length[A] == 0)
9

>

>

return;
sel ect an elenent x fromA
S={(y A) and (y < X)};
L:={(z A and (z > x)};
qui cksort (S);

print Xx;
qui cksort (L);
}
/\ N elements
qui cksort
v S X N-1 dements X
worst case L S sze 0

T(N)=T(n-D+cn=T(n-2)+c[(n-D+n]=T(n-3)+c[(n-2)+ (n-2) +n]

=T(D)+c[1+2+--+(n=1)+n]=0O(n’) 20/38



Key: Select the Median as Pviot

quick sort optimal
pivot X array A partition
O(n) T(n) = 2T(n/2) + O(n) = O(n log n)
O(n)
opti mal _qui cksort (A) {
if (length[A] == 0) j
return;

sel ect the nedian x fromA:
[l such that |length[S]-length[L]| < 1;
S ={(y A) and gy < X)};

L: ={(z A) and (z > X)};

Opt | rTal _qu| Cksort ( S) ............................................ > T(n/2)
print Xx;

optimal _qui ckSort (L); e > T(n/2)
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Mathematical Definitions

B Thel-th order statistic in aset of n elementsisthei-th smallest
element

— The minimum is thus the 1st order statistic
— The maximum is the n-th order statistic
B For simplicity, we define the median asthe | /2| order statistic.
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Lower Bound for Finding the Champion

n

(D)
/L - /L
& Y

n-1
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Algorithms for Finding the Minimum

B How many comparisons are needed to find the minimum
or the maximum element in the set A of n distinct elements

MINIMUM(A, n)

min «<— All]
fori < 2ton
do if min > Ali] optimal algorithm
then min < Ali]
return /min
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Lower Bound for Finding the Runner-Up (1/2)

Claim n n-2+|Ign|
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Lower Bound for Finding the Runner-Up (2/2)

®
! ; | ;
® ® @ ® @
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p=|lgn]

(n-1)+(p-1)=n-2+Ign]|
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How to Find the i-th Order Statistic

[ 7 1

SAALAAAG

O(n) i
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Salectionin Linear Time

Now we show an amazing deterministic algorithm which solves the
selection problem in O(n) time even in the worst case. We will learn
the following techniques.

® Divide-and-conquer approach

B Analysisof recurrence relation

Manuel Blum (Turing Award 1995)
Robert W. Floyd (Turing Award 1978)
Vaughan R. Pratt

Ronald L. Rivest (Turing Award 2002)
Robert E. Tarjan (Turing Award 1986)

OOo0Oo0ao
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Step 1 5 Elements Per Group
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Step 2 Sort Each Group and Pick the Median

® & 6® @ -

Insertion sort
sorting
groups
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constant time O(1)

O(1) x (n/5) = O(n)
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Step 3 Recursively Find the Median of Medians

O @ ©@ @ 6 6 © @ W

D © @ 6 @ 6 @ @ @®

W 1B @ 0 6 W @ @ @)
/'(@@@@iéoﬁ:

®HE @666 o

sel ect median
median-of-medians MoM

sel ect T(n) step T(n/5)
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Step 4  Partition the Array around MoM

k-1 n—k
DO @@ O &
k = | engt h[ S] +1; @@ ®E O @ @ @ @ @
i f (i == k)
return MoM S @@® @ @ -
f (i < k) @ ® W @ ® @ @
select(S, i); @@@ @® ® ® @
else if (i > k) : ] ;
sel ect (L, i-Kk); ‘ U™
:4 @ o
-+ @ —»:
MoM  pivot array A copy S
M oM L M oM O(n)
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The Selection Algorithm

Int select(A 1) {
for (] =1; j<= (length[A])/5; j++) {
Insertion sort( A 5(j-1)+1], A 5()-1)+2],
ALS()-1)+3], AlS(j-1)+4], AS(j-1)+3] );
} Mil = AlS(j-1)+3]; /1
MoM = select(M (length[M)/2 );

S ={(y A) and (y < MoM};
L: ={(z A) and (z > MoM};
k = length[ S] +1;

if (i ==k)
return MoM

if (i <k)
select(S, 1);

elseif (1 >k)
select(L, 1 - k);
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Running Time Analysis

I nt select(A 1) {

for (j = 1; j<= (length[A])/5; j++) {
I nsertion sort( A[5(j-21)+1], A 5(j-1)+2],
A[5()-1)+3], A[5(j-1)+4], A[5(j-1)+3] ); o(n)

Mil = Al5(j-1)+3]; [/

}

MoM = select(M (length[M)/2 ); T(n/5)
S ={(y A) and (y < MoM};
L: ={(z A) and (z > MoM}; } O(n)
k = I ength[§] +1;
if (1 == k)

return MoM
if (i <k)

sel ect (S, 1);

elseif (i > k) } T(max{k- 1, n- k})

select(L, i - k);

T(n)=T(n/5)+ T (max{k -1,n-k})+O(n)
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max{k- 1, n-k} < 7n/10

3x (n/5) x (1/2)

M oM

(g {gr -
CNONCONORQ)
®®®OO

®@®®®
@@ ®6®

®

OGO
@EEEOEG
O®EEE
@O0OOE@
® G

N

7n/10

M oM

9

3 %X (n/5) x (1/2)
/m/10

M oM

M oM

® ®|@ g g
® 06 O 6

®®® 06 O
© ®® @ @

(@ ® @j@ ®),
CNOROIONE
ONONENONE
CNONOIONE)
20 eeas

35/38



Observations

T(n)=T(n/5)+T (max{k-—1,n-Kk})+O(n)

<T (Ej +T (mj +O(n)
5 10

problem sizen

O(n) problem size

problem sizen/5 | problem size 7n/10

H—/

problem size 9n/10
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Running Time Analysis

T(n) ST(%)+T(I—8)+O(n)

C n>n, T(n)gT(Ej+T(mj+én
5 10
T(n)=0(n)
substitution
C n>n, T(n)<cn
T(n)<cn
T(n) < . fen +én:@+én: (3C+6jn
5 10 10 10
T(n)=(30+é)nscn gc:+c“:£c:
10 10

c>10C T(n)<cn
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Optimal Quick Sort

opti mal _qui cksort (A) {
I f (length[A] == 0)

return; _ . .
x = select(A (length[A])/2); < linear-time sef ect algorithm

[ X array A : optimal  quick sort
S ={(y A) and (y < x)
L: ={(z A and (z > x)
opti mal _qui cksort (S);
print Xx;

opti mal _qui cksort(L);

b
};

optimal quick sort

T(n) :T@”T‘lﬂ +an7_1D +0O(n) < 2T(n/2) +O(n) = O(nlogn)
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