AR F AL mEERFEAH
Design and Analysis of Algorithms

Outline of This Lecture
1) Insertion Sort
2) Growth of Functions
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Email: ztchou@ee.nsysu.edu.tw
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Let Us Consider the Sorting Problem

Sorting problem
— Input: A sequence of N numbers A = <a1, a,,- -,an>
— Output: A permutation A’ = <a1’ , a, --,a;} of the input
sequence such that a; <a’) <---<a .
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Insertion Sort
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INSERTION-SORT (A)
for j < 2ton
do key < A[]J]

> Insert A[ /] into the sorted sequence A[l..j — 1].

[ <— j— 1

while i > 0 and A[i] > key

do A[i + 1] <« A[i]
[ <—1—1

Ali + 1] < key
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How to Measure the Performance of an Algorithm

¢ Time
¢ Space (memory )

“F1 7 memory i AL FIA > 7Y 7
5 care IV l%giL_E;T FE]

(e o3 47 i algorithm A Sq Y] 2
it TRV CPU » I J%E““;T[ i
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BRI N Elfjf“—ﬂ;@ » 7§ I'Fﬁ%ﬁ%@i 7 — [& machine independent Elfj
model ° lF;H[E{ model 4 FIZwifigy > I']{RIZ5 [P 3w [Rrs- e qfh -
iﬁf[ﬁ{ model - FIFw S > I A lr]»—real—world TN3EE © T iﬁb—ﬂﬂ i

f=H| random access model (RAM ) -
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Random Access Model (RAM)

We analyze algorithms based on the RAM model.

® All basic instructions (e.g., +, —, x, +, :=) take the same time.
B This implies that “sort” 1s not a basic instruction.

® All memory accesses cost equally.
B We don’t distinguish cache or virtual memory.

® No concurrent operations.

B Instructions should be executed step by step.
® The size of each basic type (e.g., int/double) variable is
roughly the same.

B This implies that the size of array| n] is n times that of
a basic type variable.
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Running Time Analysis of the Insertion Sort

INSERTION-SORT (A) cost times
for j < 2ton Ci n
do key < Al /] Co n—1
> Insert Al j] into the sorted sequence A[l..; — 1]. O n— 1
I <— j—1 Ca n—1
while / > 0 and A[/] > key cs Dot
do A[i + 1] < A[i] o D io(t;— 1)
I <—1—1 7 Zj‘:z("‘j — D
Ali + 1] < key cs  n—1

tj #.7-H{ for loop 71 5 j [5EE'E] » while loop fivs = VB

J J
1 2 3 4]5 6 1 2 3 4 5]6
2(4(5]6f1]3 2(4(5]6]1]3
AT AU AU
best case : A[l..j—1] =5 & worst case : A[j] A1 —1] ;ﬁB'J‘
AFE Al] > key SF 5T | PR Q=0 21

> plE1% > H#hiF j >



Best Case Running Time

INSERTION-SORT (A) cost times
for j < 2ton Cl n
do key < AlJ] Co n—1
> Insert A[j] into the sorted sequence A[l..j — 1]. O n—1
i — j—1 C4 n—1
while ; > 0 and A[i] > key Cs Y ity
do A[i + 1] < A[i] co Dot —1)
i «—i—1 7 Zj':z(fj — 1
Ali + 1] < key cy n—1

Let 7'(n) = running time of INSERTION-SORT.

T(n) = cin+an—D+am—1D+c) tj4+cy @ —1)
=2 =2

ter ) (=1 +esn—1).
J=2

—

Frrl' | 71 best case (tj =1) > insertion sort [¥E~ E?] i T(n) £%
(c,+c,tc,tcstcg) n— (c,+c,+Cs+C) =an+b
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Worst Case Running Time

Let T (n) = running time of INSERTION-SORT.

n n

T(n) = cinton—D+amn—1D+csY ti+c ) (t—1)

J=2 J=2

+ ¢7 Z(fj — 1) +cs(n—1).
=

+ worst case Eﬁ =]

AT Yt =Zj=2+3+---+n:(n_1)2(n+2)
j=2 j=2

n(n-—1)
2

Zn:(tj—l):1+2+3---(n—1):

Bl IFRY insertion sort [Y¥#h = [RE ] T(n) X%

C, C C C, C ¢C
T(n):(25+26+27jn2+(cl+cz+c4+25—26—27+cgjn—(cz+c4+cs+c8)
=a-n+b-n+c
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Worst Case Analysis

€ We usually focus on the worst-case running time.
The reasons are as follows:

B For real-time applications, we need to know what running
time the algorithm can guarantee under any circumstances.

B The worst case occurs quite often such as query an absent
item 1n a database.

B The average case 1s often as bad as the worst case.
For example, on average, we need to check half of A[1..j].
In this case, t; = J/2 and T(n) will be still the form
of an? + bn + ¢, just like the worst case running time.
& '] 4S5 HIPFATEE] running time > SR IR 0 HERLE

worst case running time
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Upper Bound Notation : Big-O

HEIRTS [f#{13EL insertion sort [IY worst case running time £%

C, C C
T(n):(cg+C26+Cz7jn2+(cl+cz+c4+25—26—27+c8)n—(cz+c4+05+08)

fﬁ'iﬁﬁf\ﬂﬁé@ o> E R RES 17 F VRIS insertion sort T R Y 5SS -

A function f(n) is a member of the set

80 O(g(n)) if there exists positive constants c

and n, such that f(n) <c x g(n) for alln>n,

JSin)
G0 T(n) = 30+ dn +3 » 2P

i T()=O0(n) G : ¥ TEYE, AT TR
E “'“ﬁf&’ﬁﬁ*—'j?lj?ﬁélﬁ:[_ﬂj—ﬁ% () ,&r’f 57]) o
5 [ﬂﬂ fic=4>ny =5 T <4n* -

T RMIR S T(0) R T e
 SFE LA U
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Order of Growth

€ Highest-order term 1s what we counts

B As the input size grows larger, the running time will be
dominated by the highest order term.

@ A polynomial of degree k is O(n¥)

k—1

2 f(n)y=an“+a, 0" +...+an' +a,

Cr

_I&J bi:‘ai - C:bk+bk—l+""+b1+b0

He £ (n) < b.n“+b_n“"+...+bn'+b,

k i k
=n‘) b, n—ks n“> b <cn'
ico N i—0
5] f (n)=0(n%)

’gr,’]ﬁ » f(n)<cen <en! > BRI TEERY f(n) =0(n)

(! i{lﬁﬁiﬂi upper bound > % tight
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Lower Bound Notation : Big-Omega

¢ A function f(n) is a member of the set 2(g(n))
if there exists positive constants € and n, such that
0 <cxg(n)<f(n) foralln=>n,

€ Hence the running time of insertion sort 1s €2(n).

fn) B0 T(N) =302+ 4n + 3 » 25 (5
T(n) =Q(n? 7 T S
[“tv; ?'}'CZ 0, =1 > T(n) =3

RURLST > T(n) fosb S ik 2 pAat 2
lﬁ RIS

n

1
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Bounded Range Notation : Big-Theta

¢ A function f(n) is a member of the set ®(g(n))
if there exists positive constants C,, C,, and n, such that
Cc, g(n) <f(n) <c, g(n) for all n > n,,.

& f(n)is ©(g(n)) if and only if f(n)is both O(g(n)) and Q(g(n))

c>8(n)

J(n)

c,8(n)

f’lo

n

M 2 T(n) =3n2+4n +3 > Z5 5L

T(n) = O(n?) ﬁg_{; L] TSR R TR
[RE E'}’C1=3 » ¢, =4 nozsﬁ?f] :

3n? <T(n) <4n? -

HULRLST > T(n) Pusy = sghisk S590ERL n2
TR

13/31



Common Used Big-O Functions

=Ho YR RLEHE

4096
2048
1024 Complexity
512
256 o)
123 ®(log n)
64 O(n)
32 O(n log n)
16 O(n”)
8 ®(b"), where b > 1
: O(n!)
2
1
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A 4401 0(1) ?

Definition O(g(n)) : A function f(n) = O(g(n)) if there exists
positive constants C and n, such that f(n) <c x g(n) for all n > n,,

Vv

Definition O(1) : A function f(n) = O(1) if there exists
positive constants C and n, such that f(n) <c for all n > n,,.

Vv

Example 1 : Function f(n) =567 = O(1) since we can set C = 567 and
n,=1 such that f(n) <567 for alln > n,=1.

Example 2 : ?ﬁ:&—_ input size n » ﬁ?\ﬁi‘ﬁ}— ['[Efffﬂ%‘jﬁ:?} o) Eﬁﬁﬂﬁ]i
HL? Yes t A n-1 [WEER n Ol S 0 KL B 2 AL FS 2
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Time Complexity to Sort array[10] ?

5 {M#]15E insertion sort [IY/3 = Fy ]

2
=an’+bn+c=0(n?)

f@?azs \b=6 ‘C=7 ,ﬂ[glﬁgﬁr}’nzlo ’T(IO):567

Y =5 IFEJ;:[&E :f(n)=567=0(1) > < E[ > T(10) =f (n) = 567 » F+l)
T(10)=0O(1)

C C C C C C
T(n) 5 4 26 4 7 n2| C.+C.4+C 4+ 2_-26_"T.4¢ n—(C +C,+C +C)
2 2 : : ! 2 2 2 ° ’ ) ’ °

~ T Uil
_ = T puE
Fn) =367 ﬂ ‘L . T(10) =567
- P
- R d

- DT - O T FUBETRBILRE ?
1 71 " 16/31



Time Complexity for Bounded Input Size Problem

time complexity time complexity time complexity
A A A A A
1 1
O(nz) /II /,I
o) -~ O
—& -/.‘
> | > | >
input size 10 input size 10 input size
i [ » 5L . ° . .
#j £V input size bounded input size

%ﬁ—ﬁﬁ : ’%Tﬁf‘ﬁ LY bounded FY input size > = {f iﬁjﬂ Y
time complexity ﬁﬂi_'_ o) -
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Harmonic Number H, Is Unbounded

1/x HyEIER .
+ +4 . _L,d-‘-“.-‘i. - Hn
& 3 _.'__..-""
- l, , g
BEEFIIREC T 1!
1 1 3] 1o U
X
1/2
1 1\A 2 & e 5 6 I 8

Hn:1+l+l+---+lz n+lldX:ln(n+1)
1 2 3 n s X
Bl limH, > limIn(n+1) = o0
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Time Complexity of Harmonic Number H,

1/x 1Y [E]2= T
' e Hn
- 14 i e
?’ B
— I | -
ot
2 10 20 3¢ @ mo”
1/1
1/2 1/3
-1 1 2 J 4 o) & £ 8
\ J
Y
BRER IR pYE T
Bl HE S5 - +1+1<1+j —dx
2 3
1 1 1 1
T(n):Hn:—+—+—+---+—£1+I —dx:1+lnn:O(lnn)
1 2 3 n X
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Lower Bound for Sorting (1/3)

g FHMAENE » insertion sort I LT RL- {[# 5wl [V sorting algorithm -
— HESHRE— [ algorithm L optimal Y~ [EHUER
(D 34?[&[', the lower bound of any algorithms to solve this problem.

(2) The worst case running time matches this lower bound.

Bl 25 {4 43 13E sorting [IY lower bound (7 worst case Elfl‘lﬁ?ﬂﬂ/ o
BB IO » Z)KE" SH7 ) 1L %D - SR (1) sorting algorithm
1s based on the “comparison” operation. (2) All elements in A[1..n] are distinct.
P S FIEEE sorting UEHGHEL A[1.3)

compare A|l] to A|2]

All] = A[2] _ >A[l] > A|2] (swap in array)

decision binary tree

Elfjﬁ,lj@ ¥ERL sorting

TR U

A[1] > A[2]
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Lower Bound for Sorting (2/3)

[ELES [Pl sort fUSFEUAALE | n {fif clements » FTT[3H decision binary tree
HY leaves AR ) n! -

¥~ ([ binary tree 5 o ]@%‘ il VA B h > H|fie H;IH HE tree [V leaves & %
T8 20 1 e (g 20 i leaves HFIE HTE | 'SV permutations o H ]
SifE 2h2n ] o lﬁ[ﬁ h 7[‘]3,5‘ (%% running time > 57175 R #H h>logn | -
F[h gy (BRI log n! Y order > Y H] Q) () FA o

T

ﬁfj@ h
=% running time
U _J/
Y
leaves {HEF= % 20 [ > lﬂﬂfleaves E FA[F’? E”EIfJ permutations (3 n! [&) 21/31




Lower Bound for Sorting (3/3)

10¢ - ' ' '

05 L log n! {

nlogn —n @ I HTEVESE > logn! ~nlogn -n
jeith

ml'- / logn!:ZIOngLnlongXznlogn—n
10" b o
o =Q(nlogn)

=
1o 1 Iy

10°

n
n
ﬁk}?ﬁ\l‘ -~ Wiki fIE[ - Z5{fTF]| Stirling’s approximation : N!'=+27zn (gj
Frel ]

h>logn!~ log(\ﬂ (2)]zlogn”—nloge+;logn+log\/27z:Q(nlogn)

- comparison-based sorting algorithms [~y lower bound £% Q (n log n)


http://upload.wikimedia.org/wikipedia/commons/d/df/Stirling%27s_Approximation_Small.png

What’s Wrong with Insertion Sort %

[ > insertion sort I worst case running time £% O(n?) » 72t~ 3]
sorting [I¥ lower bound O(nlogn) » fL 7 f«crﬂ'ﬁ? S5 {FTE ] Ry
S A ﬁJFﬁFF'J ? LAPTEES- N worst case

6
3

J
1 2 3 4 5
415161

wuuw

ZS 5T ALL.j— 1] =15 sorted B! > A[j] B~ i ™
TSRS S T MG 2

7Y 1% & divide-and-conquer ( fi{[ERL ) G
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Divide-and-Conquer - Binary Search

EUR - 25 AR ALLn] RIPFEY— [ element x o {85 A[1..n] =I5 sorted
35 PR X 3 R S 5 AR (BT x=3)

2 (3|4 |56 |7(8]|9(10|11|12|13|14 |15
S| 719 (111315171921 |23 (25|27 |29

F=AL8] ] o AR IES R AL 7] Elfﬂﬁ[ﬁj} o FEIT I x PR L
A9.15] - - {910 Gl 5 porb)

2 13| 4|56 |7
S| 7|9 |11|13

E=AL4] ) TS T i AL 3] PVl

2 | 3
5

B S AL2] > TS P  L 3 T AR] i
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Is Binary Search Optimal for Sorted Array ?

LTI 7 %

A
PV sk 2|F 87 i k] ?
FLTALIT| (55 % FUTALITK 7 % Bt 1
T skt 2 8T skl ? FETK ER RN 7SIk R SR T ? ,

7N SN
...... R |

-~ ['[E‘FF‘,‘J@ % h iV comparison tree #EH & FA[ 20 +2" ... 42" =2 _1 [ nodes
FRE (RSB [ E,E'U\%Tféﬁj lF%Lt““ nodes FEIpEI

A n<2™ —1 = search fivEh FfEﬁ ] h>log(n+1)—1=0(logn)

Binary search [IE~ Eﬁ [5G O(logn) - Fil" kL optimal
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Is Binary Search Better Than Sequential Search 7

R SRS | R/ 5D optimal ?

sequential search | O(n) FEi 3] #ET- yeé
binary search O(logn) | fr%j[[=1#F- | yes

%ﬁ?\_’ unsorted array > /¥~ binary search - 'U\ﬁj,T’ju}[fJ" Kﬁfl‘rlﬂﬁfgﬁ?'%a@—" ’
Rl LFL*‘Eﬁ binary search fVER I~ Eﬁ [t/ £% O(nlogn) + O(logn) = O(nlogn) -
| sequential search §+{If5 ?

b
b

ﬁf J?E: B Htl;“*ﬁ - Binary search I sequential search 4+

T~ B DPIF EE 2 M AR e 3 | 26/31



Recursive Approach to Find the Right Position

FindPosition(A, x, low, high) {
mid = floor((low + high)/2);
IT ((AL mid ] <=a) & (a<=A[ mid + 117 ))
return mid + 1;
else if (a < A[ mid ] )
FindPosition(A, x, low, mid);
else
FindPosition(A, x, mid + 1, high);
+

A meaE lﬂil%ﬂlf'ﬂﬁ'i i3 x £ Allow..high] HIPH - T 475
'ét ﬂ;;+:“f[5f_1’i:‘pE3"IﬁiéiyifLi’ifiixA 4-7¢J/\ [1..15]

1 4 5 6 7 9 10 11 12 13 14 15
1 3 5 7 9 11 13 15 17 19 21 23 25 27 29
T BN ?
s 4 T2 e ALS] AT A[9] Tl HrT L FindPosition(A, 4, 1, 8)
1 2 3 4 5 6 7 8
1 3 5 7 9 11 13 15
A 7zRiE

TEYTE T lﬁﬁ (return 3) 27/31



Performance Analysis by Recursion-Tree Method

FindPosition(A, x, low, high) {

mid = floor((low + high)/2);

IT (AL mid ] <=a) & (a<=A[ mid+11]))
return mid + 1;

else If (a < A[ mid ] )
FindPosition(A, x, low, mid);

else
FindPosition(A, x, mid + 1, high);

> )[ﬁflflﬁ{]@ k =log n

e A1 < 31log n = O(log n)
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What Causes Difference in Running Time

int F(n) { FindPosition(A, x, low, high) {
if ((n==0) or (n==1)) mid = Floor((low + high)/2);
return 1: if (AL mid] <=2a) & (a<=A[L mid + 117 ))
else return mid + 1;

else if (a<A[ mid ] )

return F(n-1) + F(n-2); FindPosition(A, x, low, mid);
} else
FindPosition(A, x, mid + 1, high);
by
Q(1.618") O

@ @ I @ « O(log n)
(Fe) Ce) ()

*:ZErecursive programs fiY performance ?,B N o S RLNELSE &

TETHESHET Elfjr,TﬁFﬁ;ﬁ » }#EF= performance BFE ™ [ o 29/31



Binary Insertion Sort

FE TS M fﬂil%l'g[l H| FindPosition ( ffi*'] binary search) V¢
insertion sort FEIPE— [~ [BEHRHVES[E iﬁ?[‘%iﬁl@ algorithm 7&

blnary insertion sort (BINSORT ) - #[fie BINSORT 74 Tf
[:*ﬂf\r ‘IR

&= 9 &Y for loop T?,l%h 7 n-2 % > KIPHAY while loop |
FindPosition ZV{* » f& O(log n) - ¥ =4 » Al |GV g Y,
(n-2) x O(logn)=nxf(n) // :t f(n) £% O(log n) FYEH &

= 0O(nlogn)
Eea N - BN 3 id Fé ; binary insertion sort ’ﬁ"’é“é’(ﬂ optimal
sorting o [FRL=— ™ | T Vg iﬂ’fﬁ%l%ffm B s 9
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The Running Time of BINSORT Is Still O(n?)

INSERTION-SORT (A) cost times
for j < 2ton Cl n
do key < A[Jj] CH n—1
> Insert A[j] into the sorted sequence A[l..; —1]. O n— 1
[ <~ _} — 1 Cq n— 1
while i > 0 and A[i] > key Cs > ity
do Ali + 1] < A[i] o Dty —1)
i «—i—1 Cy Zi:':z(tj — 1D
All + 1] < key Cg n—1

PIE R BERAG] T Oloe < T

/ L [m“ oy TFI [ i P%
o a4 st 5= UiFEF gzl IEKE}H 2. [ﬂj L[[/\
a5 61 3] CTE[ Al Om R - 5 &% i
‘ - insertion sortEiv{ﬂ?: | move [ J]EVLJ[L':’ A[2..]

&U U U U/ JFE‘EJFIFIJ element 4~ J—‘ - '[_fFI Jﬂ{}\g{b ’ ;'E:[-:F‘I
BT EJL—.I’sr%ﬁI 2] o Bl | afladi e /31
insertion sort ﬁﬁiﬂ%ﬁ;l O(n?) H JEﬁF o
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In the next lecture, we will introduce two optimal

sorting algorithms whose running time are O(n log n).
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4

pavEE

-nu\

L. —&JT(n)—O(f(n)) RETE R IF R (n)

ﬂ“ L f(n) % 7ERL s1mplest ¥ tighest 972

(a)T(n)=%+%+m+l=Zf‘ !

n =
(b) T(n)=logl+log2+---+logh = Zin:llogi

(©) T(n)=2T (L\/HJ)Jrlogn

2. ﬁ%ﬁﬂ comparison-based sorting algorithms [~/ lower bound %L %[> ?

S L N

3. ﬁ%ﬁﬂ comparison-based searching algorithms [i/ lower bound fl. %[> ?

\

=31 N [/ o

[:]/__EA

O
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